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The large amplitude nonlinear ion acoustic solitary wave propagating obliquely to an external

magnetic field in a magnetized plasma with kappa distributed electrons and warm ions is

investigated through deriving energy-balance-like expression involving a Sagdeev potential.

Analytical and numerical calculations of the values of Mach number reveal that both of subsonic

and supersonic electrostatic solitary structures can exist in this system. The influence on the soliton

characteristics of relevant physical parameters such as the Mach number, the superthermal

parameter, the directional cosine, the ratio of ion-to-electron temperature, and the ion gyrofrequency

has been investigated. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4793446]

I. INTRODUCTION

In a collisionless plasma, particle distribution in velocity

space can depart considerably from a Maxwellian one.

Numerous observations indicate that the non-Maxwellian

(power-law) high-energy particles can exist in various astro-

physical plasmas, such as solar wind, magnetosphere, inter-

stellar medium, and auroral zone plasma.1–3 The appropriate

distribution functions to describe such particles are the

generalized Lorentzian distributions,4 also known as the

kappa distribution. The three dimensional form of kappa ve-

locity distribution is given by fjðvÞ ¼ Ajð1þ v2=jb2Þ�ðjþ1Þ
,

where Aj is a normalization constant, � ¼ ð�x; �y; �zÞ;
b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj� 3=2Þ=j

p
vth is an effective thermal speed, vth

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=m

p
is the thermal velocity of a particle with tem-

perature T and mass m, and j is the spectral index. The spec-

tral index j is a measure of the slope of the energy spectrum

of the suprathermal particles forming the tail of the velocity

distribution function. Kappa distributions approach the

Maxwellian as j!1. The distributions have a high veloc-

ity tail decreasing with � as a power law ½fjðvÞ / ��2ðjþ1Þ�
for � � b, and when the velocity � is smaller than or compa-

rable to b, the kappa velocity distribution function is close to

the Maxwellian having the same thermal speed vth.5

Most astrophysical and space plasmas are observed to

have non-Maxwellian high energy tail. Spacecraft measure-

ments of electron energy spectra have been successfully mod-

eled with kappa distribution.6 Importantly, Kappa distribution

has been used to analyze and interpret spacecraft data on the

Earth’s magneto-spheric plasma sheet, the solar wind, Jupiter,

Saturn, and planetary magnetospheres.7 Typically, space

plasmas are observed to possess a spectral index j in the

range 2–6.8 Some examples are as follows: in the earth’s fore-

shock, Feldman et al.9 fitted the electrons with 3 < je < 6,

while Lemaire’s group10,11 developed a Lorentzian ion exo-

sphere model and associated solar wind model with

j�distributed coronal electrons, using, typically, 2 < j < 6.

The kappa distribution with je ¼ 4 yielding good agreement

with electron distributions observed in the solar wind.12

Ion-acoustic waves (IAWs) in plasmas began to be stud-

ied long ago, and a lot of research works have already been

published on this fundamental mode in both magnetized and

unmagnetized cases. Nonlinear IAWs in plasmas have been

investigated by many authors.13–18 Most of these studies are

restricted to the cold ion limit.15–18 Ion-acoustic solitary

waves (IASWs) in the presence of hot ions in unmagnetized

electron-ion plasmas have also been investigated.19–23

Mahmood and Saleem24 studied the electrostatic solitary

structures in unmagnetized plasmas in the presence of cold

and adiabatically heated ions. Kalita and Bujarbarua25 studied

the large-amplitude ion acoustic solitons in a warm ions mag-

netoplasma with isothermal electrons. Most of the works in

this area are concerned with the case of electron-ion plasma

systems in unmagnetized plasmas,26 cold ion magnetized

plasma with isothermal electrons27 and superthermal elec-

trons,8 and hot ion magnetized plasma with isothermal elec-

trons.24 Gogoi et al.28 investigated the dust ion-acoustic

solitary waves in an unmagnetized plasma with inertial warm

ions and electrons following the kappa velocity distribution.

However, to the authors knowledge, the possible nonlinear

ion-acoustic solitary waves in hot ion magnetized plasmas

with superthermal kappa distributed electrons are not investi-

gated before, which is the goal of the present work. Arbitrary

amplitude solitary waves are investigated by deriving energy-

integral equation (involving a Sagdeev-like pseudopotential).

This paper is organized in the following fashion: In

Sec. II, we present the governing model equations. An
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energy integral equation/the Sagdeev-like potential is

derived in Sec. III. The energy integral equation is numeri-

cally solved and analyzed to study the profiles of the

Sagdeev-like potential with fully nonlinear electrostatic soli-

tary wave properties. Finally, a brief discussion is given in

Sec. IV.

II. SET OF GOVERNING EQUATIONS

Consider an ideal homogeneous magnetized two compo-

nent plasma consisting of warm ions and superthermal kappa

distributed electrons. The ambient magnetic field B ¼ B0ẑ is

taken along the z-axis (where ẑ is the unit vector along the

z-axis.) while the wave vector ~k lies in the x – z plane making

an angle h with the uniform magnetic field. The phase veloc-

ity of the IAWs is assumed to be larger than the ion thermal

and much less than the electron thermal velocities for the

consistency of the fluid model. We neglect any transport

properties such as viscosity and heat conduction. Moreover,

we assume that the ion motion is three dimensional and

neglect the variation of all quantities in the y-direction.25

Under these conditions, the nonlinear dynamics of the low

frequency electrostatic wave in a two component plasma are

governed by the following set of normalized equations for

adiabatic process:

@ni

@t
þ @ðniuixÞ

@x
þ @ðniuizÞ

@z
¼ 0; (1)

@uix

@t
þ uix

@

@x
þ uiz

@

@z

� �
uix ¼ �

@/
@x
þ Xuiy �

5

3
rin
�1

3

i

@ni

@x
;

(2)

@uiy

@t
þ uix

@

@x
þ uiz

@

@z

� �
uiy ¼ �Xuix; (3)

@uiz

@t
þ uix

@

@x
þ uiz

@

@z

� �
uiz ¼ �

@/
@z
� 5

3
rin
�1

3

i

@ni

@z
; (4)

where ne; ni are the densities of electrons and ions, respec-

tively, ui is the ion fluid velocity, / is an electrostatic poten-

tial and ri ¼ Ti =Te is the ratio of ion-to-electron

temperature. In equilibrium, we have l ¼ 1; where l ¼
nð0Þe =n

ð0Þ
i denotes the unperturbed density ratio of electrons-

to-ions. Here, the density of the kappa distributed electrons

is given by8

ne ¼ l 1� /

j� 3

2

0
B@

1
CA
�jþ1

2

; (5)

where jð> 3
2
Þ is a real parameter measuring the deviation

from Maxwellian equilibrium. The density expression given

above is only valid for j > 3=2, and it reduces to the usual

Maxwellian form ne ¼ l expð/Þ when j!1:
As we consider, only uniform magnetic field, we will

deal with electrostatic case. Furthermore, we assume that the

length scale of the solitary wave is greater than the Debye

length. Under this assumption, we can use the charge neu-

trality condition instead of Poisson’s equation as

ni � ne ¼ n: (6)

This implies the physical assumption that spatial variation in

the electric potential is slow, essentially occurring on a scale

far beyond the Debye sphere.8

The variables appearing in Eqs. (1)–(6) have been normal-

ized as follows: ni;e is normalized by the unperturbed ion den-

sity n
ð0Þ
i , ui by the ion-acoustic speed Csi(¼ ðkBTe =miÞ1=2Þ,

the electrostatic potential / by kBTe=e; the space and time

variables are in units of the ion Debye length kDi

(¼ ðkBTe=4pn
ð0Þ
i e2Þ1=2Þ, and the ion plasma period

x�1
pi ð¼ ð4pn

ð0Þ
i e2=mi)

�1=2Þ; respectively. Moreover, we intro-

duce the following notations: X ¼ xci=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pn

ð0Þ
i e2=mi

q
; and

xci ¼ eB0=mic; where xci is the ion gyrofrequency, e is the

magnitude of the electron charge, mi is the ion mass, and c is

the velocity of the light in vacuum.

The dispersion relation of electrostatic excitation in our

plasma system is obtained by solving Eqs. (1)–(6) algebrai-

cally in the linear limit, which yields

x2
6 ¼

1

2
b6

1

2
ðb2 � 4cÞ

1
2; (7)

where

b ¼ X2 þ k2 1

k2 þ F
þ 5

3
ri

� �� �
;

c ¼ k2
z X

2 1

k2 þ F
þ 5

3
ri

� �
;

F ¼
j� 1

2

j� 3

2

0
B@

1
CA:

It can be seen from Eq. (7) that in the cold ions limit

(ri ! 0), the dispersion relation leads to a similar expression

as obtained by Sultana et al.8

In the low frequency limit (x� X), the above disper-

sion relation reduces to

x2 ¼ k2
z d k2 þ Fþ k2

x

X2
d

� ��1

; (8)

where

d ¼ 1þ 5

3
riðk2 þ FÞ

� �
:

In the above equations, x is the angular frequency, kx and kz

are the wave numbers along x– and z–direction, respectively.

III. SAGDEEV POTENTIAL AND DISCUSSION

To obtain the localized solutions, we consider a co-

moving frame of single variable g ¼ lxxþ lzz�Mt, with ve-

locity M normalized by Csi; where lx and lz are the direction

cosines of the wave vector along with x- and z-axes such that

l2x þ l2
z ¼ 1. Using Eq. (6) and combining Eqs. (1)–(4), we

obtain the following equation:
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d2

dg2

M2

2n2
þ /þ 5

2
rin

2
3 þ 1

� �
¼ X2 n 1þ l2

z

M2
1þ ri � rin

5
3 � 1� /

j� 3

2

0
B@

1
CA
�jþ3

2

0
BB@

1
CCA

2
664

3
775� 1

8>><
>>:

9>>=
>>;: (9)

The quasi-neutrality condition (6), gives

n ¼ 1� /

j� 3

2

0
B@

1
CA
�jþ1

2

: (10)

Making use of Eq. (10) in Eq. (9) and using the following

boundary conditions for localized waves, /! 0; d/
dg ! 0

and d2/
dg2 ! 0 as jgj ! 1, we obtain an energy-balance-like

expression in terms of a single independent variable /
described as follows:

1

2

d/
dg

� �2

þ Sð/Þ ¼ 0; (11)

where the Sagdeev potential Sð/Þ for our purpose reads

Sð/Þ ¼ � X2

1þz
5

3
rin
�1

3 �M2n�3

� �� �2
½S1ð/Þ þ riS2ð/Þ�:

(12)

Here S1ð/Þ and S2ð/Þ are defined as

S1ð/Þ ¼
1

n
M2 1� 1

2n

� �
þ l2z ð1� QÞ

� �
þ l2z

M2
Q� 1

2
Q2 � 1

2

� �
þ Q� /l2

x �
M2

2
� 1;

S2ð/Þ ¼ l2
z

1

n
þ 3

2l2
z

� 5

2

� �
þ n

2
3

2
ð3l2

z � 5Þþn
5
3 1þ l2

z

M2
1þ ri � Q� ri

2
n

5
3

� �� �
þ l2

z

M2
Q� ri

2
� 1

� �" #
;

where

z ¼
j� 1

2

� �

j� 3

2

� � 1� /

j� 3

2

0
B@

1
CA
�j�1

2

;

Q ¼ 1� /

j� 3

2

0
B@

1
CA
�jþ3

2

:

Equation (11) is regarded as an “energy integral” equation of

an oscillating particle of unit mass moving with velocity

d/=dg in a potential well Sð/Þ. In cold ion magnetoplasma,

Eq. (11) is reduced to Eq. (24) in Ref. 8.

The conditions for the existence of localized solution of

Eq. (11) require:3,29 (i) Sð/Þj/¼0 ¼ dSð/Þ=d/j/¼0 ¼ Sð/mÞ
¼ 0, (ii) d2Sð/Þ=d/2j/¼0 � 0; (i.e., the fixed point at the

origin is unstable), and (iii) Sð/Þ < 0 when / lies between

0 and /m. Here /m is the maximum amplitude of the

solitary wave. From the second condition (i.e.,

d2Sð/Þ=d/2j/¼0 � 0), it is found that the limits of the Mach

number must be

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2j� 3Þ
ð2j� 1Þ þ

5

3
ri

� �s
lz < M <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2j� 3Þ
ð2j� 1Þ þ

5

3
ri

� �s
: (13)

It is clear from Eq. (13) that supersonic (M > 1) as well as

subsonic (M < 1) solitons can propagate in this magneto-

plasma model as a result of taking ion temperature effect

into account “see Fig. 1(b).” This indicates that the ion tem-

perature plays a key role in the nature of the ion-acoustic

solitons.

The variation of the lower and upper limits of the Mach

number against the direction cosine lz for different values of

ions to electrons temperature ratios and at constant spectral

index j is shown in Fig. 1(a), and it is clear that both of the

lower and upper limits increase by increasing the value of ri.

In Fig. 1(b), the variation of the upper and lower values of

the Mach number is plotted with the variation of spectral

index j at constant ri for different values of lz: It is obvious

that the values of M limits increase with the increase of the

values of the spectral index j. Also, it is seen that lz will

have effects only on the lower limit of M as predicted from

Eq. (13).

The behavior of the solitary waves can be easily deter-

mined from the behavior of the Sagdeev potential Sð/Þ
profiles. The increase of the depth of Sð/Þ profile means

that the width of the solitary wave decreases, whereas the

increase of the width of Sð/Þ profile means that the ampli-

tude of the solitary wave increases too (cf. Figs. 2(a) and

2(b)). So, we have numerically solved the energy equation

(11) for various sets of parameters values. It is clear from

Figs. 2(a) and 2(b) that the potential profile becomes spiky

(i.e., taller amplitude and narrower width) with the increase

022115-3 El-Tantawy et al. Phys. Plasmas 20, 022115 (2013)



FIG. 1. The Mach number M versus (a)

lz for different values of ri with j ¼ 2

and (b) j with ri ¼ 0:1 and lz ¼ 0:9.

FIG. 2. (a) Behavior of Sð/Þ profile is

shown for different values of M, with

j ¼ 3; ri ¼ X ¼ 0:1; and lz ¼ 0:9: (b)

The corresponding electrostatic potential

perturbations against g:

FIG. 3. Behavior of Sð/Þ profile is

shown for different values of (a) lower

values of j; with M¼ 0.8, ri ¼ X ¼ 0:1;
and lz ¼ 0:9; (b) higher values of j; with

M¼ 0.96, ri ¼ X ¼ 0:1; and lz ¼ 0:9;
(c) lz, with j ¼ 2;ri ¼ X ¼ 0:1; and

M¼ 0.68, (d) ri; with M¼ 0.63, j ¼ 2;
X ¼ 0:1, and lz ¼ 0:8; and (e) X; with

j ¼ 3;M ¼ 0:84;ri ¼ 0:1; and lz ¼ 0:9:

022115-4 El-Tantawy et al. Phys. Plasmas 20, 022115 (2013)



of Mach number M, while slower ones will be shorter

and wider, in agreement with the soliton phenomenology.

This is in agreement with the earlier result of Ref. 29 for

magnetized plasma with nonextensive particles distribution.

The dependence of the ion acoustic solitary pulses on

the plasma parameters namely, j, lz, and ri is depicted in

Figs. 3(a)–3(d). It is found that the soliton amplitude

decreases with increasing j, which agrees with the results of

Ref. 8. Also, the soliton profile becomes steeper for a greater

excess of superthermal electrons. Moreover, it is obvious

that the potential profile becomes shorter and wider by

increasing lz and ri. The dependence of the solitary pulses

on the ion gyrofrequency X is depicted in Fig. 1(e). From

this figure, it is observed that the amplitude remains con-

stant while the width decreases as X increases. These con-

siderations are in full agreement with Refs. 8 and 29.

IV. SUMMARY

The large amplitude nonlinear ion acoustic solitary

wave propagating obliquely to an external magnetic field in

a magnetized plasma with kappa distributed electrons and

warm ions is investigated. By employing the two-fluid equa-

tions and making use of the plasma approximation, we have

derived the energy integral with a new Sagdeev potential.

Analytical and numerical calculations reveal that subsonic

and supersonic ion-acoustic waves may exist. The depend-

ence of the solitary excitation on the Mach number, the

superthermal parameter, the directional cosine, the ratio of

ion-to-electron temperature, and the ion gyrofrequency has

been investigated.

Finally, the present results on obliquely propagating

ion-acoustic waves in magnetized plasma can contribute to

understanding localized electrostatic waves in space plasmas

as well as in laboratory plasmas where a kappa distributed

electron component is observed.3,7,8,30,31
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