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1 Introduction

Let A(p) denote the class of functions of the form

f(z) = zp +

∞∑

k=1

ak+pz
k+p, p ∈ N = {1, 2, · · · }, (1.1)

which are analytic and p–valent in the open unit disc U = {z ∈ C : |z| < 1}. A function

f ∈ A(p) is said to be in the class S∗
p(α) of p–valent starlike functions of order α in U, if

Re
zf ′(z)

f(z)
> α, z ∈ U, (0 ≤ α < p). (1.2)

Furthermore, a function f ∈ A(p) is said to be in the class Kp(α) of p–valent convex functions

of order α in U, if

Re

(
1 +

zf ′′(z)

f ′(z)

)
> α, z ∈ U, (0 ≤ α < p). (1.3)
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From (1.2) and (1.3), it follows that

f ∈ Kp(α) ⇔
zf ′(z)

p
∈ S∗

p(α), (0 ≤ α < p).

The classes S∗
p(α) and Kp(α) were introduced by Kapoor and Mishra [1] (see also [2]). We note

that

S∗
p(α) ⊆ S∗

p(0) ≡ S∗
p and Kp(α) ⊆ Kp(0) ≡ Kp,

where S∗
p and Kp denote the subclasses of A(p) consisting of functions which are p–valent

starlike in U and p–valent convex in U, respectively (see for details [3], see also [2]).

If f and g are analytic functions in U, we say that f is subordinate to g, written f(z) ≺ g(z),

if there exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0 and

|w(z)| < 1 for all z ∈ U, such that f(z) = g(w(z)), z ∈ U. Furthermore, if the function g is

univalent in U, then we have the following equivalence (for example, [4], see also [5, p.4]):

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

For the functions fi ∈ A(p) (i = 1, 2) given by

fi(z) = zp +

∞∑

k=1

ak+p,i zk+p, z ∈ U,

the Hadamard product (convolution) of f1 and f2 is defined by

(f1 ∗ f2)(z) = zp +
∞∑

k=1

ak+p,1 ak+p,2 zk+p, z ∈ U.

In this article, we shall also make use of the Gaussian hypergeometric function 2F1 defined

by

2F1(a, b, c; z) =

∞∑

k=0

(a)k(b)k

(c)k

zk

k!
,
(
a, b, c ∈ C, c /∈ Z

−
0 = {0,−1,−2, · · · }

)
, (1.4)

where (d)k denotes the Pochhammer symbol, given in terms of the Gamma function by

(d)k =
Γ(d + k)

Γ(d)
=





1, if k = 0, d ∈ C \ {0},

d(d + 1) · · · (d + k − 1), if k ∈ N, d ∈ C.

The series defined by (1.4) converges absolutely for z ∈ U, and hence 2F1 represents an analytic

function in U (see, for details, [6, Ch.15]).

Let the integral operator Fµ,p : A(p) → A(p), with µ > −p, be defined by

Fµ,p(f)(z) =
µ + p

zµ

∫ z

0

tµ−1f(t) d t =

(
zp +

∞∑

k=1

µ + p

µ + p + k
zp+k

)
∗ f(z)

= zp
2F1(1, µ + p, µ + p + 1; z) ∗ f(z), z ∈ U. (1.5)

From definition (1.5), it follows that

z
(
Ω(λ,p) Fµ,p(f)(z)

)′
= (p + µ)Ω(λ,p)f(z) − µΩ(λ,p) Fµ,p(f)(z). (1.6)

With a view to introducing an extended fractional differintegral operator, we begin by recall-

ing the following definitions of fractional calculus (fractional integral and fractional derivative

of an arbitrary order) considered by Owa [7] (see also [8, 9]).
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Definition 1.1 The fractional integral of order λ, with λ > 0, is defined for a function f ,

analytic in a simply-connected region of the complex plane containing the origin, by

D−λ
z f(z) =

1

Γ(λ)

∫ z

0

f(t)

(z − t)1−λ
d t,

where the multiplicity of (z−t)λ−1 is removed by requiring log(z−t) to be real when (z−t) > 0.

Definition 1.2 Under the hypothesis of Definition 1.1, the fractional derivative of the

function f of order λ, with λ ≥ 0, is defined by

Dλ
z f(z) =





1

Γ(1 − λ)

d

d z

∫ z

0

f(t)

(z − t)λ
d t, if 0 ≤ λ < 1,

dn

d zn
Dλ−n

z f(z), if n ≤ λ < n + 1, n ∈ N ∪ {0},

where the multiplicity of (z − t)−λ is removed as in Definition 1.1.

In [10], Patel and Mishra defined the extended fractional differintegral operator Ω(λ,p) :

A(p) → A(p), for a function f of form (1.1) and a real number λ (λ < p + 1), by

Ω(λ,p)f(z) = zp +
∞∑

k=1

Γ(k + p + 1)Γ(p + 1 − λ)

Γ(p + 1)Γ(k + p + 1 − λ)
ak+p zk+p

= zp
2F1(1, p + 1, p + 1 − λ; z) ∗ f(z), z ∈ U. (1.7)

It is seen from (1.7) that [10]

z
(
Ω(λ,p)f(z)

)′
= (p − λ)Ω(λ+1,p)f(z) + λΩ(λ,p)f(z), z ∈ U. (1.8)

We also note that

Ω(0,p)f(z) = f(z), Ω(1,p)f(z) =
zf ′(z)

p
,

and, in general,

Ω(λ,p)f(z) =
Γ(p + 1 − λ)

Γ(p + 1)
zλDλ

z f(z),

where Dλ
z f is, respectively, the fractional integral of f of order −λ, for λ < 0, and the fractional

derivative of f of order λ, for 0 ≤ λ < p + 1.

For integer values of λ, relation (1.7) becomes

Ω(j,p)f(z) =
(p − j)!zjf (j)(z)

p!
, (j ∈ N, j < p + 1),

and

Ω(−m,p)f(z) =
p + m

zm

∫ z

0

tm−1Ω(−m+1,p)f(t) d t = (F1,p ◦F2,p ◦ · · · ◦ Fm,p) (f)(z)

= F1,p

(
zp

1 − z

)
∗ F2,p

(
zp

1 − z

)
∗ · · · ∗ Fm,p

(
zp

1 − z

)
∗ f(z), (m ∈ N),

where Fµ,p is the familiar integral operator defined by (1.5).

The fractional differential operator Ω(λ,p), with 0 ≤ λ < 1, was investigated by Srivastava

and Aouf [11]. More recently, Srivastava and Mishra [12] obtained several interesting properties

and characteristics for certain subclasses of p–valent analytic functions involving the differin-

tegral operator Ω(λ,p), when λ < 1. Also, the operator Ω(λ,1) = Ωλ was introduced by Owa
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and Srivastava [8] and the operator Ωλ is now popularly known as the Owa-Srivastava operator

[13–15].

Using the extended fractional differintegral operator Ω(λ,p) with λ < p + 1, we define the

following subclass of functions in A(p).

Definition 1.3 For the fixed parameters A and B with −1 ≤ B < A ≤ 1, α ≥ 0 and

λ < p − 1, with p > 1, we say that a function f ∈ A(p) is in the class Iλp,α(A, B), if

(1 − α)
Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
+ α

Ω(λ+2,p)f(z)

Ω(λ+1,p)f(z)
≺

1 + Az

1 + Bz
. (1.9)

It is readily seen that

I0p,0(A, B) = I−1
p,1(A, B) ≡ S∗

p(A, B), Iλp(A, B) ≡ Iλp,0(A, B),

and

I0p,1(A, B) ≡ Kp(A
∗, B) =

{
f ∈ A(p) : 1 +

zf ′′(z)

f ′(z)
≺ p

1 + A∗z

1 + Bz

}
,

where

A∗ = A

(
1 −

1

p

)
+

B

p
, p > 1.

2 Preliminaries

To establish our main results, we shall need the following lemmas. The first ones deals with

the Briot-Bouquet differential subordinations.

Lemma 2.1 ([16]) Let β, γ ∈ C, and let h be a convex function with

Re [βh(z) + γ] > 0, z ∈ U.

If p is analytic in U, with p(0) = h(0), then,

p(z) +
zp′(z)

βp(z) + γ
≺ h(z) ⇒ p(z) ≺ h(z).

Lemma 2.2 ([17]) Let β > 0, β + γ > 0 and consider the integral operator Jβ,γ defined

by

Jβ,γ(f)(z) =

[
β + γ

zγ

∫ z

0

fβ(t)tγ−1 d t

] 1
β

,

where the powers are the principal ones.

If σ ∈
[
− γ

β
, 1
)
, then the order of starlikeness of the class Jβ,γ (S∗(σ)), that is, the largest

number δ(σ; β, γ) such that Jβ,γ (S∗(σ)) ⊂ S∗(δ), is given by the number

δ(σ; β, γ) = inf{Re q(z) : z ∈ U},

where

q(z) =
1

βQ(z)
−

γ

β
and Q(z) =

∫ 1

0

(
1 − z

1 − tz

)2β(1−σ)

tβ+γ−1 d t.

Moreover, if σ ∈ [σ0, 1), where σ0 = max

{
β−γ−1

2β
;−

γ

β

}
and g = Jβ,γ(f), with

f ∈ S∗(σ), then

Re
zg′(z)

g(z)
> δ(σ; β, γ), z ∈ U,
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where

δ(σ; β, γ) =
1

β




β + γ

2F1

(
1, 2β(1 − σ), β + γ + 1;

1

2

) − γ


 .

Lemma 2.3 ([18]) Let φ be analytic in U with φ(0) = 1 and φ(z) 6= 0 for 0 < |z| < 1,

and let A, B ∈ C with A 6= B, and |B| ≤ 1.

(i) Let B 6= 0 and γ ∈ C∗ = C \ {0} satisfy either
∣∣∣∣
γ(A − B)

B
− 1

∣∣∣∣ ≤ 1 or

∣∣∣∣
γ(A − B)

B
+ 1

∣∣∣∣ ≤ 1.

If φ satisfies

1 +
zφ′(z)

γφ(z)
≺

1 + Az

1 + Bz
,

then

φ(z) ≺ (1 + Bz)
γ(A−B)

B ,

and this is the best dominant.

(ii) Let B = 0 and γ ∈ C∗ be such that |γA| < π, and if φ satisfies

1 +
zφ′(z)

γφ(z)
≺ 1 + Az,

then

φ(z) ≺ eγAz,

and this is the best dominant.

3 Main Results

Unless otherwise mentioned, we assume throughout this article that −1 ≤ B < A ≤ 1,

α ≥ 0, and λ < p − 1, with p > 1.

Theorem 3.1 Let −1 ≤ B < A ≤ 1, α > 0, let λ < p − 1, p > 1, and suppose that

f ∈ A(p), with Ω(λ,p)f(z) 6= 0 for all z ∈ U̇ = U \ {0}.

1. The following implication holds

f ∈ Iλp,α(A, B) ⇒ f ∈ Iλp (Ã, B),

where

Ã =
(p − λ − 1)A + αB

p − λ − 1 + α
. (3.1)

2. Moreover, assuming that

1 − A

1 − B
≥

1

2
−

α

p − λ − 1
, (3.2)

then

f ∈ Iλp,α(A, B) ⇒ f ∈ Iλp (1 − 2ρ,−1),

where

ρ = ρ(A, B) =
1

2F1

(
1,

2(p − λ − 1)

α

A − B

1 − B
,
p − λ − 1 + 2α

α
;
1

2

) , (3.3)

and the result is the best possible.
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Proof Let f ∈ Iλp,α(A, B), and put

g(z) =

(
Ω(λ,p)f(z)

zp

) 1
p−λ

, (3.4)

where the power is the principal one. As Ω(λ,p)f(z) 6= 0 for all z ∈ U̇, the function g is analytic

in U, with g(0) = 1. Taking the logarithmic differentiation in (3.4), we have

ϕ(z) =
zg′(z)

g(z)
=

1

p − λ

(
z(Ω(λ,p)f(z))′

Ω(λ,p)f(z)
− p

)
, z ∈ U, (3.5)

then, using the identity (1.8) in (3.5), we obtain

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
= ϕ(z) + 1 = φ(z). (3.6)

Logarithmically differentiating both sides of (3.6), and multiplying by z, we deduce that

Ω(λ+2,p)f(z)

Ω(λ+1,p)f(z)
=

1

p − λ − 1

[
(p − λ)φ(z) − 1 +

zφ′(z)

φ(z)

]
. (3.7)

Combining (3.7) together with f ∈ Iλp,α(A, B), we obtain the result that the function φ

satisfies (
1 +

α

p − λ − 1

)
φ(z) −

α

p − λ − 1
+

α

p − λ − 1

zφ′(z)

φ(z)
≺

1 + Az

1 + Bz
.

If we denote

P (z) =

(
1 +

1

β

)
φ(z) −

1

β
, where β =

p − λ − 1

α
,

then the above relation is equivalent to the following Briot-Bouquet differential subordination:

P (z) +
zP ′(z)

βP (z) + 1
≺

1 + Az

1 + Bz
≡ h(z).

Now, we will use Lemma 2.1 for the special case β =
p − λ − 1

α
and γ = 1. As the inequality

1 − A

1 − B
≥ −

α

p − λ − 1
(3.8)

holds whenever −1 ≤ B < A ≤ 1 and λ < p − 1, using the fact that h is a convex function

symmetric with respect to the real axis and (3.8) holds, a simple computation shows that

Re [βh(z) + γ] >
p − λ − 1

α

1 − A

1 − B
+ 1 ≥ 0, z ∈ U.

Consequently, we have P (z) ≺ h(z), that is,

φ(z) ≺
1

β + 1
[βh(z) + 1] =

1 + Ãz

1 + Bz
,

where Ã is given by (3.1), or f ∈ Iλp(Ã, B).

If, in addition, we suppose that inequality (3.2) holds, then all the assumptions of Lemma

2.2 are verified for the above values of β, γ, and σ = 1−A
1−B

. It follows that f ∈ Iλp,α(A, B) implies

f ∈ Iλp (1 − 2ρ,−1), where the bound ρ(A, B) given by (3.3) is the best possible.

Taking α = 1, λ = 0 in the second part of Theorem 3.1, if let A∗ = A
(
1 − 1

p

)
+ B

p
, we

obtain



No.2 M.K. AOUF et al: SUBORDINATION PROPERTIES 373

Corollary 3.2 Let −1 ≤ B < pA∗−B
p−1 ≤ 1 and p > 1, such that

A∗ ≤
p + 1 + B(p − 1)

2p
.

Supposing that f(z) 6= 0 for all z ∈ U̇, then

f ∈ Kp(A
∗, B) ⇒ f ∈ S∗

p(pρ1),

where

ρ1 = ρ1(A, B) =
1

2F1

(
1,

2p(A∗ − B)

1 − B
, p + 1;

1

2

) ,

and the result is the best possible.

Remark 3.3 Note that this corollary is a result that relates the order of convexity with

the order of starlikeness. It is well known that the class of p–valent convex functions does

not have any positive order of starlikeness when p ≥ 2, and in fact that is why this result is

important.

For α = 1 and λ = −1, the second part of Theorem 3.1 reduces to the next result:

Corollary 3.4 Let −1 ≤ B < A ≤ 1, with p > 1, such that

1 − A

1 − B
≥

1

2
−

1

p
.

Supposing that
∫ z

0
f(t) d t 6= 0 for all z ∈ U̇, then,

f ∈ S∗
p(A, B) ⇒ Re

zf(z)

(p + 1)

∫ z

0

f(t) d t

> ρ2, z ∈ U,

where

ρ2 = ρ2(A, B) =
1

2F1

(
1, 2p

A− B

1 − B
, p + 2;

1

2

) ,

and the result is the best possible.

Putting A = 1 − 2η
p

, 0 ≤ η < p, and B = −1 in the second part of Theorem 3.1, we have

Corollary 3.5 Let α > 0, λ < p − 1, with p > 1, and let η ∈ R such that

max

{
p

(
1

2
−

α

p − λ − 1

)
; 0

}
≤ η < p. (3.9)

Supposing that Ω(λ,p)f(z) 6= 0 for all z ∈ U̇, then,

f ∈ Iλp,α

(
1 −

2η

p
,−1

)
⇒ f ∈ Iλp (1 − 2ρ3,−1) ,

where

ρ3 =
1

2F1

(
1,

2(p − λ − 1)

α

(
1 −

η

p

)
,
p − λ − 1 + 2α

α
;
1

2

) ,

and the result is the best possible.
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Remark 3.6 If we take λ = 0, α = (p−1)δ
p−δ

> 0, and η = (σ−δ)p
p−δ

in Corollary 3.5, it is easy

to check that assumption (3.9) holds if and only if p > 1, δ > 0, and

max

{
p − δ

2
; δ

}
≤ σ < p.

Hence, if f ∈ A(p), with f(z) 6= 0 for all z ∈ U̇, satisfies

Re

{
(1 − δ)

zf ′(z)

f(z)
+ δ

(
1 +

zf ′′(z)

f ′(z)

)}
> σ, z ∈ U,

then

Re
zf ′(z)

f(z)
> pρ4, z ∈ U, that is, f ∈ S∗

p (ρ4) ,

where

ρ4 =
1

2F1

(
1,

2(p − σ)

δ
,
p + δ

δ
;
1

2

) ,

and the result is the best possible.

We remark that a similar result was also obtained by Patel in [19], and for the special case

p = 1, the order of starlikeness if the α–convex functions was determined by Miller et al. in

[20].

Theorem 3.7 Let 0 ≤ α ≤ η(p−λ−1)
p−η

, with 0 ≤ η < p, p > 1, and λ < p − 1. Then,

f ∈ Iλp

(
1 − 2η

p
,−1

)
implies f ∈ Iλp,α (1 − 2ρ5,−1) in |z| < R(p, α, λ, ; η), where

ρ5 =
−α(p − η) + η(p − λ − 1)

p(p − λ − 1)
,

and

R(p, α, λ; η) =





p − η

p − 2η
+

pα −
√

(pα)2 + (p − λ − 1 + α) [(p − λ − 1 + α)η2 + 2pα(p − η)]

(p − λ − 1 + α)(p − 2η)
,

if η 6=
p

2
,

p − λ − 1 + α

p − λ − 1 + 3α
, if η =

p

2
.

(3.10)

The result is the best possible.

Proof If f ∈ Iλp

(
1 − 2η

p
,−1

)
, and the function u is defined by

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
=

η

p
+

(
1 −

η

p

)
u(z), (3.11)

then u is analytic in U, u(0) = 1, and has a positive real part in U. Taking the logarithmic

derivative of (3.11) and using identity (1.8), after simplification, we have

Re

[
(1 − α)

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
+ α

Ω(λ+2,p)f(z)

Ω(λ+1,p)f(z)

]
−

α(η − p) + η(p − λ − 1)

p(p − λ − 1)

≥
(p − η)(p − λ − 1 + α)

p(p − λ − 1)

[
Re u(z) −

αp |zu′(z)|

(p − λ − 1 + α) |η + (p − η)u(z)|

]
.

Using in the right-hand side of the above inequality the well-known estimates [21],

|zu′(z)| ≤
2r

1 − r2
Re u(z) and Re u(z) ≥

1 − r

1 + r
, for |z| = r < 1,
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together with the fact that Re [(p − η)u(z) + η] > 0 for all z ∈ U, we obtain

Re

[
(1 − α)

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
+ α

Ω(λ+2,p)f(z)

Ω(λ+1,p)f(z)

]
−

α(η − p) + η(p − λ − 1)

p(p − λ − 1)

≥
(p − η)(p − λ − 1 + α)

p(p − λ − 1)
t(r) Re u(z), |z| = r < 1,

where

t(r) = 1 −
2αpr

(p − λ − 1 + α) [η(1 − r2) + (p − η)(1 − r)2]
.

A simple computation shows that t(r) > 0 if r < R(p, α, λ; η), where R(p, α, λ; η) is given

by (3.10). It is seen that the bound R(p, α, λ; η) is the best possible, because it is attained for

the function f ∈ A(p) defined by

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
=

(
1 −

η

p

)
1 + z

1 − z
+

η

p
, 0 ≤ η < p.

Taking α = 1 and λ = 0 in Theorem 3.7, we obtain the following result:

Corollary 3.8 If f ∈ S∗
p(η), where 1 ≤ η < p, then f ∈ Kp(η) for |z| < R(p, η) ≡

R(p, 1, 0; η), where

R(p, η) =






p − η + 1 −
√

η2 + 2(p − η) + 1

p − 2η
, if η 6=

p

2
,

p

p + 2
, if η =

p

2
.

The bound R(p, η) is the best possible.

Remark 3.9 Note that the result of Corollary 3.8 was previously obtained by Patel and

Cho in [22, Corollary 3.3]. This corollary is connected to the classical problem of finding radius

of convexity of order η for univalent starlike functions of order η, (see, for example, [23, 24], see

also [25]).

Theorem 3.10 Let −1 ≤ B < A ≤ 1, λ < p − 1, with p > 1, and let µ be a real number

satisfying µ > −p and

µ ≥ −λ − (p − λ)
1 − A

1 − B
. (3.12)

1. Supposing that Ω(λ,p) Fµ,p(f)(z) 6= 0 for all z ∈ U̇, then,

f ∈ Iλp (A, B) ⇒ Fµ,p(f) ∈ Iλp (A, B).

2. Moreover, if we suppose in addition that

µ ≥ max

{
p + 2λ − 1 − 2(p − λ)

1 − A

1 − B
;−λ − (p − λ)

1 − A

1 − B

}
, (3.13)

then,

f ∈ Iλp(A, B) ⇒ Fµ,p(f) ∈ Iλp (1 − 2ρ5,−1) ,

where

ρ5 = ρ5(A, B) =
1

p − λ




p + µ

2F1

(
1, 2(p− λ)

A − B

1 − B
, p + µ + 1;

1

2

) − µ − λ


 , (3.14)

and the result is the best possible.
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Proof If let

g(z) = z

(
Ω(λ,p) Fµ,p(f)(z)

zp

) 1
p−λ

, (3.15)

where the power is the principal one, as Ω(λ,p)f(z) 6= 0 for all z ∈ U̇, the function g is analytic

in U, and g(0) = 1. By carrying out the logarithmic differentiation in (3.15) and using the

identity (1.8) for the function Fµ,p(f), it follows that

ϕ(z) =
zg′(z)

g(z)
=

Ω(λ+1,p) Fµ,p(f)(z)

Ω(λ,p) Fµ,p(f)(z)
(3.16)

is analytic in U and ϕ(0) = 1. Now, relations (1.8) and (1.6) easily lead to

(p − λ)
Ω(λ+1,p) Fµ,p(f)(z)

Ω(λ,p) Fµ,p(f)(z)
+ µ + λ = (µ + p)

Ω(λ,p)f(z)

Ω(λ,p) Fµ,p(f)(z)
, (3.17)

so (3.16) and (3.17) give

Ω(λ,p) Fµ,p(f)(z)

Ω(λ,p)f(z)
=

p + µ

(p − λ)ϕ(z) + µ + λ
.

Taking the logarithmic differentiation in the above expression and using (1.6) in the result-

ing equation, we get
Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
= ϕ(z) +

zϕ′(z)

(p − λ)ϕ(z) + µ + λ
. (3.18)

Hence, by the assumptions of the theorem and (3.18), we have

ϕ(z) +
zϕ′(z)

βϕ(z) + γ
≺

1 + Az

1 + Bz
≡ h(z), (3.19)

where β = p − λ and γ = µ + λ. As h is a convex function in U, a simple computation shows

that

Re [βh(z) + γ] > (p − λ)
1 − A

1 − B
+ µ + λ ≥ 0, z ∈ U,

whenever (3.12) holds. Then, from Lemma 2.1 it follows ϕ(z) ≺ h(z), that is, Fµ,p(f) ∈

Iλp(A, B).

Supposing in addition that inequality (3.13) holds, then all the assumptions of Lemma

2.2 are satisfied for these values of β, γ, and σ = 1−A
1−B

. It follows that f ∈ Iλp(A, B) implies

Fµ,p(f) ∈ Iλp (1 − 2ρ5,−1), where the bound ρ5(A, B) given by (3.14) is the best possible.

Taking λ = 0 in Theorem 3.10, we obtain the next special case:

Corollary 3.11 Let −1 ≤ B < A ≤ 1, p > 1, and let µ ∈ R satisfying

µ ≥ −
p(1 − A)

1 − B
.

1. Supposing that Fµ,p(f)(z) 6= 0 for all z ∈ U̇, then,

f ∈ S∗
p(A, B) ⇒ Fµ,p(f) ∈ S∗

p(A, B).

2. Moreover, if we suppose in addition that

µ ≥ max

{
p − 1 −

2p(1 − A)

1 − B
;−

p(1 − A)

1 − B

}
,

then,

f ∈ S∗
p(A, B) ⇒ Fµ,p(f) ∈ S∗

p (1 − 2ρ6,−1) ,
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where

ρ6 = ρ6(A, B) =
1

p




p + µ

2F1

(
1,

2p(A − B)

1 − B
, p + µ + 1;

1

2

) − µ


 ,

and the result is the best possible.

Remark 3.12 We note that Corollary 3.11 improves the result obtained by Patel in [19,

Corollary 4].

For A = 1 − 2η
p

, 0 ≤ η < p, and B = −1, Corollary 3.11 reduces to

Corollary 3.13 Let 0 ≤ η < p, p > 1, and let µ ∈ R satisfying µ ≥ −η.

1. Supposing that Fµ,p(f)(z) 6= 0 for all z ∈ U̇, then,

f ∈ S∗
p(η) ⇒ Fµ,p(f) ∈ S∗

p(η).

2. Moreover, if we suppose in addition that µ ≥ max {p − 1 − 2η;−η}, then,

f ∈ S∗
p(η) ⇒ Fµ,p(f) ∈ S∗

p (pρ7) ,

where

ρ7 = ρ7(η) =
1

p




p + µ

2F1

(
1, 2(p − η), p + µ + 1;

1

2

) − µ


 ,

and the result is the best possible.

Remark 3.14 Note that Corollary 3.13 improves the result obtained by Patel et al. [26,

Corollary4].

Theorem 3.15 Let λ < p, p ∈ N, let ν ∈ C∗ and A, B ∈ C, with A 6= B and |B| ≤ 1.

Suppose that
∣∣∣∣
ν(p − λ)(A − B)

B
− 1

∣∣∣∣ ≤ 1 or

∣∣∣∣
ν(p − λ)(A − B)

B
+ 1

∣∣∣∣ ≤ 1, if B 6= 0,

|νA| <
π

p − λ
, if B = 0.

If f ∈ A(p) with Ω(λ,p)f(z) 6= 0 for all z ∈ U̇, then,

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
≺

1 + Az

1 + Bz
⇒

(
Ω(λ,p)f(z)

zp

)ν

≺ q1(z),

where

q1(z) =





(1 + Bz)

ν(p−λ)(A−B)
B , if B 6= 0,

eν(p−λ)Az, if B = 0

is the best dominant (The powers are the principal ones).

Proof If let

ϕ(z) =

(
Ω(λ+1,p)f(z)

zp

)ν

, (3.20)

where the power is the principal one, then ϕ is analytic in U, ϕ(0) = 1, and ϕ(z) 6= 0 for z ∈ U.

Taking the logarithmic derivatives in both sides of (3.20), multiplying by z and using identity
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(1.8), we have

1 +
zϕ′(z)

ν(p − λ)ϕ(z)
=

Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
≺

1 + Az

1 + Bz
.

Now, the assertions of the theorem follows by using Lemma 2.2 for γ = ν(p−λ), which completes

the proof.

Putting A = 1 − 2ρ, 0 ≤ ρ < 1, and B = −1 in Theorem 3.15, we obtain the following

corollary:

Corollary 3.16 Assume that λ < p, p ∈ N, 0 ≤ ρ < 1, and ν ∈ C∗ satisfies either

|2ν(p − λ)(1 − ρ) − 1| ≤ 1 or |2ν(p − λ)(1 − ρ) + 1| ≤ 1.

If f ∈ A(p) with Ω(λ,p)f(z) 6= 0 for all z ∈ U̇, then,

Re
Ω(λ+1,p)f(z)

Ω(λ,p)f(z)
> ρ, z ∈ U ⇒

(
Ω(λ,p)f(z)

zp

)ν

≺ q2(z),

where q2 = (1 − z)−2ν(p−λ)(1−ρ) is the best dominant (The powers are the principal ones).

For λ = 0, A = 1 − 2η
p

, 0 ≤ η < p, and B = −1, Theorem 3.15 reduces to

Corollary 3.17 Assume that ν ∈ C∗ and 0 ≤ η < p, p ∈ N, satisfies either

|2ν(η − p) − 1| ≤ 1 or |2ν(η − p) + 1| ≤ 1.

If f ∈ A(p) with f(z) 6= 0 for all z ∈ U̇, then,

Re
zf ′(z)

f(z)
> η, z ∈ U ⇒

(
f(z)

zp

)ν

≺ q3(z) = (1 − z)
−2ν(η−p)

,

and q3 is the best dominant (The powers are the principal ones).

Remark 3.18 Putting p = 1 in Corollary 3.17, we obtain the corresponding result of

Obradović et al. [27, Theorem 1], with b = 1 − η, 0 ≤ η < 1.
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