
PHYSICS OF PLASMAS VOLUME 10, NUMBER 12 DECEMBER 2003
Dust acoustic solitary waves and double layers in a dusty plasma
with trapped electrons
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The effect of variable dust charge, dust temperature, and trapped electrons on small amplitude dust
acoustic waves is investigated. It is found that both compressive and rarefactive solitons as well as
double layers exist depending on the nonisothermality parameter. A modified Korteweg–de Vries is
derived. At critical density, the Korteweg–de Vries equation is obtained. Employing quasipotential
analysis, the Sagdeev potential equation with the inclusion of different new effects has been derived.
Because of the presence of free and trapped electrons, the plasma acoustic wave has gained features
of various solitary waves. The Sagdeev potential equation, at a small amplitude, shows that the
ordering of nonisothermality plays a unique role. In the case of a plasma with first-order
nonisothermality, the Sagdeev potential equation shows the compressive solitary wave propagation,
while for plasma with higher-order nonisothermality, the solution of this equation reveals the
coexistence of both compressive and rarefactive solitary waves. In addition, for certain plasma
parameters, the solitary wave disappears and a double layer is expected. Again, with the better
approximation in the Sagdeev potential equation, more features of solitary waves, e.g., spiky and
explosive, along with the double layers, are also highlighted. The findings of this investigation may
be useful in understanding laboratory plasma phenomena and astrophysical situations. ©2003
American Institute of Physics.@DOI: 10.1063/1.1623764#
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I. INTRODUCTION

Recently, there has been much interest in studying
dusty plasmas which are characterized as an ionized gas
taining electrons, ions and highly charged massive dust
ticles. Dusty plasmas differ from the usual multicompone
plasmas,1–4 since the ratio between the dust charge and
dust mass is nonuniform and it is considered as a new
namical variable.

The growing interest in physics of dusty plasmas n
only because of dust being an omnipresent ingredient of
universe, but also because of its vital role in understand
different collective processes~mode modification, new
eigenmodes, coherent structures, etc.! in astrophysical and
space environments.5–9 The consideration of charged du
grains in a plasma does not only modify the existing plas
wave spectra,10 but also introduces a number of new nov
eigenmodes, such as dust acoustic~DA! waves,11,12 dust ion
acoustic~DIA ! waves,13 dust lattice waves,14 etc.

Highly charged massive dust grains present in a plas
may exhibit charge fluctuations in response to certain ty
of oscillations incorporated to the plasma. Under this sit
tion, the grain charge becomes a time dependent and
consistent variable.15,16 The consequent modifications in th
collective properties of a dusty plasma in response to
variation of charge is studied for noncomplicated plas
systems.17,18 It may be noted that the existence of DA wa
on a very slow time scale of dust dynamics was investiga
for the first time by Raoet al.11 They also showed the for
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mation of rarefactive type DA soliton solution in a simp
dusty plasma system. Similarly, Ma and Liu19 discussed the
existence of rarefactive DA soliton solution in a plasma
presence of dust charge fluctuations. Using a reductive
turbation theory, Xieet al.20 derived small amplitude DA
solitons and double layers in dusty plasma with varying d
charges and they have shown that only rarefactive soli
waves exist when the Mach number lies within an approp
ate regime depending on the system parameters. Also,
amplitudes of the dust solitary waves become smaller and
regime of Mach number is extended wider for the varia
dust charge situation with the case of constant dust cha
The topics of nonlinear grain charge variation and elect
static ion waves21 have been reported by regarding du
grains as point charges, where the Debye length is m
larger than the intergrain distance.

If streaming particles are injected in plasmas, we of
find that they evolve towards a coherent trapped part
state, instead of developing into a turbulent one. This
been confirmed by computer simulations22,23 and
experiments.24,25 The onset of an electron trapping is als
seen in the formation of double layers26 and computer
simulation.27 It is well known that the presence of trappe
particles can significantly modify the wave propagation ch
acteristics in collisionless plasmas.28 Later, Das and
co-workers29,30 used the tanh method31–33 to investigate dy-
namical aspects of various solitary waves and double lay
with the inclusion of trapped and free electrons in cold du
plasma system.

Although, dusty plasma physics has much interests
some papers considered the effect of trapped electrons29,30
il:
5 © 2003 American Institute of Physics
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self-consistent dust charge fluctuations20,34,35 and dust
temperature,34 no one has considered the effects of the d
temperature, trapped electrons, and dust charge varia
The motivation of this paper is the study of the dynamics
nonlinear DA solitary waves in a warm dusty plasma syst
containing both free and trapped electrons. Also, we st
both small and large amplitude DA waves and double lay
in the presence of self-consistent variational dust charge
tem.

The manuscript is organized as follows: The basic eq
tions describing the dusty plasma system under considera
is given in Sec. II. In Sec. III, using current balance con
tion, the dependence of the dust charge on the plasma pa
eters is obtained. In Sec. IV, using a reductive perturba
technique, the small amplitude DA solitary structures
studied. In Sec. V, critical density for the system is discus
and the Korteweg–de Vries~KdV! and its solution are ob
tained and the condition under which the double layers
be formed is also found. In Sec. VI, we derive Sagdeev
tential and investigate the existence of different solita
waves and double layers and also its tendency to small
plitude solitons. Section VII is devoted to the discussion a
conclusion.

II. BASIC EQUATIONS

The dusty plasma we are going to study, consists of th
components; extremely massive and highly negativ
charged dust grains, ions together with free and trapped e
trons. The charge neutrality at equilibrium requires

nio5neo1Zdondo , ~1!

whereneo , nio , andndo are the unperturbed electron, io
and dust number densities, respectively, andZdo is the un-
perturbed number of charges residing on the dust grain m
sured in unit of the electron charge.

For one-dimensional low-frequency DA motions, w
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have the following nondimensional equations for the wa
dust fluids:20

]nd

]t
1

]~ndud!

]x
50, ~2!

]ud

]t
1ud

]ud

]x
13sdnd

]nd

]x
2Zd

]f

]x
50, ~3!

]2f

]x2 5Zdnd1ne2ni , ~4!

where nd and ud refer to the dust number density an
fluid velocity, respectively. Also, sd5(Td /ZdoTeff),
Teff5@ZdondoTiTe/(nioTe1neoTi)#. We normalize all densities
by ndoZdo . The space coordinatex, time t, velocities and
electrostatic potentialf are normalized by the Debye lengt
lDd5(Teff/4pZdondoe

2)1/2, the inverse dust plasma fre
quency vpd

215(md/4pZdo
2 ndoe

2)1/2, the DA speed Cd

5(ZdoTeff /md)
1/2, andTeff /e, respectively.

In the dynamical system, some of the electrons are
tached to the dust grains to form the dust charged gra
while some of the remaining electrons are bounded back
forth in the potential well, lose energy continuously and, a
result, being ultimately trapped electrons. By now the a
pearance of the trapped electrons has been supported
retically, and observations of them in the bow shock and
the dynamics of the beam plasma instability are deservin
mention. Moreover, Wonget al.36 experimentally supported
the existence of trapped electrons in plasma waves, and t
is also the observation of such electrons in the soliton str
ture in stable plasma waves reported first by Tranet al.37 In
this case, the electron density is defined from the Vlas
equation consisting of free and trapped electrons. Follow
Schamel28,38and Das and co-workers,29,30the nonisothermal-
ity of the plasma is introduced through the electron densi
that have the normalized form as
ne~f!5E
2`

`

f e~x,v !dv5neoF exp~G!~12erf~AG!!1
1

Abh
H exp(Gbh)erf(AGbh) for bh>0,

2

Ap
exp(GbhE

0

A2Gbh exp(X2)dX) for bh,0.G ,
en-

nd
whereG5 ef/Te and f e(x,v) andbh represent the electro
distribution function and the ratio of the free to the trapp
electron temperatures,Te /Tt , respectively. Considering th
Maxwellian distribution, the Taylor expansion of the la
equation, forf!1, derives the electron density,ne , as a
combination of free and trapped electrons as

ne5neo@11G2 4
3 b1G3/21 1

2 G22 8
15 b2G5/21 1

6G
31 ¯ .

The casesbh51 andbh50 correspond to the plasma havin
the Maxwellian and flat topped distributions, respective
For an isothermal plasma, one can derive the electron den
by imposingb150 andb250, whereas for the nonisothe
.
ity

mal plasma, we have 0,b1 ,b2,1/Ap. Thus the nonisother-
mality of the plasma is expressed through the electron d
sity, ne , by the following modified form:29,30

ne5neo@exp~G!2G~G!#,

where G(G)5(k51
n @2(k11)bk(G)(2k11)/2/)(2k11)# with

the nonisothermal parameter defined asbk5(12bh
k)/Ap.

Now, the dimensionless number densities of ions a
electrons are expressed as

ni5m exp~2sf!, ~5!

ne5n@exp~sbf!2G~sbf!#, ~6!
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where

m5
nio

Zdondo
, n5

neo

Zdondo
, s5

1

~m1bn!
, and b5

Ti

Te
.

Obviously, Eq.~1! leads tom2n51.

III. CHARGING OF DUST GRAINS

Dust particles are charged due to a variety of proces
including the bombardment of the dust grain surface
background plasma electrons, ions and incident ion bea
photoelectron emission by ultraviolet radiation, ion sputt
ing, secondary electron production, etc. In low-temperat
laboratory plasmas, dust particles are mainly negativ
charged when any plasma electrons hitting the surface o
dust grains are attached to it and simply lost from the ba
ground plasma.8 In general, the dust charge variableQd is
determined by the charge current balance equation16

]Qd

]t
1ud

]Qd

]x
5I e1I i , ~7!

where Qd is the dust charge variable. We notice that t
characteristic time for dust motion is of order of tens
milliseconds for micrometer sized grains,12 while the dust
charging time is typically of order of 1028 s. Therefore, on
the hydrodynamic time scale, the dust charge can quic
reach local equilibrium, at which the currents from the ele
trons and ions to the dust are balanced. The current bal
equation reads9

I eo1I io'0. ~8!

According to the well-known orbit-motion-limited prob
model,15 we have the following expressions for the electr
and ion currents for spherical dust grains with radiusr :20,21,35

I e52epr 2~8Te /pme!
1/2ne expS eF

Te
D ,

and

I i5epr 2~8Ti /pmi !
1/2ni S 12

eF

Ti
D ,

whereF denotes the dust grain surface potential relative
the plasma potentialf. To compare our results with the pre
vious ones, we introduced5m/n and the current balanc
equation becomes

@exp~sb@C1f#!2G~sbf!exp~sbC!#

5ad~12sC!exp~2sf!, ~9!

where C5eF/Teff , a5(b/m i)
1/2, and m i5mi /me'1840.

Equation~9! is important for determining the dust charg
Qd5CF; C is the capacitance of dust grain. We have t
normalized dust chargeZd5C/Co , whereCo is the dust
surface floating potential with respect to the unperturb
plasma potential at infinite place.Co can be determined from
Eq. ~9! with f50 and it has the form of

Co5
1

sb
ln@ad~12sCo!#. ~10!
es
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As can be seen, the dust charge is very sensitive to the s
disturbance off. This point is very important to explain how
the variable dust charge influences on the shape of soli
and solitary waves. Obviously, Eq.~9! includes strongly non-
linear terms. Thus, its solution can be obtained numerica

IV. DUST ACOUSTIC SOLITONS

In order to study the dynamics of small amplitude D
solitary waves in the presence of variation of dust charg
we derive an evolution equation from the system of E
~2!–~6!, employing a reductive perturbation technique39 by
introducing the stretched coordinates38 j5«1/4(x2lt), and
t5«3/4t, where« is a small parameter andl is the solitary
wave velocity normalized byCd . The variablesnd , ud , Zd ,
andf are expanded as

nd511«nd11«3/2nd21«2nd31«5/2nd41¯ ,

ud5«ud11«3/2ud21«2ud31«5/2ud41¯ ,

Zd511«Zd11«3/2Zd21«2Zd31«5/2Zd41¯ ,

f5«f11«3/2f21«2f31«5/2f41¯ .

Substituting these expansions into Eqs.~2!–~6!, and using
C5CoZd in Eq. ~9!, then collecting terms of different pow
ers of«, in the lowest order we obtain

nd152f1R, ud152lf1R, Zd15g1f1 , ~11!

where

R5~l223sd!21 and g15
2~11b!~12sCo!

Co~11b~12sCo!!
.

The linear dispersion relation is given by

g1115R, ~12!

from which one can get the wave velocityl as

l5@3sd1@g111#21#1/2, ~13!

putting sd50, this equation agrees exactly with Xieet al.20

It is obvious that the inclusion of the dust temperature
creases the velocity and the contrary with the effect of d
charge variation whereg1.0.

The next order in«,O(«3/2) yields a system of equation
that leads to the MKdV equation

]f1

]t
1Af1

1/2]f1

]j
1B

]3f1

]j3 50, ~14!

where

B2152lR2, A5BF2~sb!3/2b1

~d21!
2

3g2

2 G
and

g25
4Asb3~12sCo!b1

3Co~11b~12sCo!!
.

Using the boundary conditions

f1~h!→0,
df1~h!

dh
→0,

d2f1~h!

dh2 →0 as uhu→`;

h5j2uot, ~15!
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the stationary solution of Eq.~14! is given by

f15f1m sech4@h/w1#, ~16!

where the amplitudef1m and the widthw1 are given by
(15uo /8A)2 and 4AB/uo, respectively. Asuo.0, there exist
solitary waves with positive potential only. Asuo increases,
the amplitude increases and the width decreases. The in
sion of the dust temperature and dust charge variatio
observed as increment of the width but decrement of
amplitude. These effects will be studied later numerically
d
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V. DERIVATION OF THE KdV EQUATION

The propagation of compressive solitons~that admitted
only! depends on the sign of the nonlinear coefficient of
MKdV equation,A. We can ensure that the dispersion co
ficient of the MKdV equation,B is always positive and thus
the DA waves are compressive ifA.0. If A50, corresponds
to the critical density ratiodc , the MKdV equation breaks
down. The conditionA50 can be satisfied ifbh51 ~all
electrons are isothermal! or at
dc5
6AbCoA4~12Co!1b~Co22!21b~21Co~Co22!!

2~Co21!
.

l
n
o

.

ies
all
e

er

ions
Now, one has to seek for another equation suitable for
scribing the evolution of the system. Using the stretch
coordinates40 j5«1/2(x2lt), and t5«3/2t, and following
the procedure used before, we obtain the same relation
Eq. ~11! for the lowest order of« @coefficient ofO(«)], and
to the order«3/2, we get

nd252Rf2 ,ud252lRf2 ,Zd25g1f21g2f1
3/2, ~17!

@g12R11!]f25F4~sb!3/2b1

3~d21!
2g2Gf1

3/2. ~18!

If we consider the next-order in«; O(«2), we obtain a sys-
tem of equations, with the aid of Eqs.~10!, ~11!, and ~17!,
yields

]f1

]t
1A

]f1
1/2f2

]j
1B

]3f1

]j3 1Cf1

]f1

]j
50, ~19!

where

C5BF ~d21!~d2b2!

~d1b!2 13~g12@l21sd#R2!R22g3G ,
g35

2s~11b!2~12sCo!

2Co~11b~12sCo!!3 .

The solution of this equation withA50 is given by

f15f2m sech2@h/w2#, ~20!

where the amplitudef2m and the widthw2 are given here by
3uo /C and 2AB/uo50.5 w1 , respectively. Also, asuo in-
creases the amplitude increases and the width decre
Since g1>0, g3>0 and uo.0, Eq. ~20! clearly indicates
that only rarefactive soliton waves exist. The form ofg3

agrees exactly with that obtained by Xieet al.20 When one
compares between the expression of the amplitude and
width of the MKdV and KdV solutions, he may deduce th
the case of MKdV has a larger amplitude and width th
those of KdV but we will prove later, using numerical anal
sis, that the nonlinear terms have the major role in the
culation of the amplitude and the width precisely.
e-
g

as

es.

he
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l-

On the other hand, whenA→0 but Þ0, Eq.~20! would
reduce to

]f1

]t
1Df1

1/2]f1

]j
1B

]3f1

]j3 1Cf1

]f1

]j
50, ~21!

where we have used40 Af2→2Df1/3. This equation has a
double layer solution of the form26

f15
fm

4
~12tanh@~j2uot!/w# !2, ~22!

with

fm5S 4D

5CD 2

, uo5
216D2

75C
, and w5

5

D
A23BC.

~23!

However, Eq.~22! has the same form obtained by Schame26

and Daset al.,29 its amplitude and width strongly depend o
the introduced effects. Obviously, the formation of the tw
types of DA double layers~compressive and rarefactive!, de-
pends on the sign ofD, while C should take negative values

VI. QUASIPOTENTIAL ANALYSIS

Now we turn our attention to investigate the propert
of large amplitude DA solitary waves. We assume that
variables in Eqs.~2!–~6! depend only on a single variabl
z5x2Mt, wherez is normalized bylDd andM is the Mach
number~solitary wave velocity divided byCd). In this sta-
tionary frame and usingC5CoZd , Eqs.~2! and ~3! can be
integrated to give the following expression for dust numb
density:

nd5
1

A112~Vd~f!/~M223sd!!
, ~24!

where we have imposed the appropriate boundary condit
for localized disturbances, viz.,f→0,nd→1,ud→0,neo

→n,ni→m asz→6`, and

Vd~f!5E
0

f

Zddf5
1

Co
E

0

f

C~f!df. ~25!
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Although, we can evaluate the value ofCo @Eq. ~10!# the
value ofC has a complicated form and is given by

C5
1

sb
lnFad~12sC!exp~2sf!

exp~sbf!2G~sbf! G . ~26!

The introduction of the nonisothermal term in this equat
prevents us to put a general recurrence relation for the
surface potential. For isothermal plasma, Eq.~26! agrees ex-
actly with that obtained by Xieet al.20

Substituting for the normalized number densities of i
and electrons, the dust charge number and the dust de
number into Poisson equation~4! and integrating it, impos-
ing the boundary conditions for localized solutions; nam
f→0 anddf/dz→0 asz→6`, we get

1

2 S df

dz D 2

1V~f!50, ~27!

where the Sagdeev quasipotential reads

V~f!5
n

bs F12exp~sbf!1E
0

f

G~sbf!dfG
1

m

s
~12exp~2sf!!

1H 12A11
2Vd~f!

~M223sd!J ~M223sd!. ~28!

The overall Sagdeev potential analysis requires the cond
for the existence of soliton structure qualitatively asV(f) to
be negative. Otherwise double layers might be possible. T
condition is strongly sensitive at the edgesf50 and f
5fm , around which the classical potentialV(f),0 is ex-
pected. The condition yields the requirementV(0)5V(fm)
50 and V8(0)5V8(fm) and in betweenV(f) is always
negative. From Eq.~28!, these conditions lead to

M.Ml5A 1

g111
13sd. ~29!

This fixes the lower limit ofM , which is equivalent to the
value of l obtained in Sec. IV. We also prove later by n
merical investigation that the lower Mach number should
one but not zero as in Ref. 19. However, our result agr
exactly with Xieet al.20 whensd50. The upper limit ofM
for which negative solitary waves exist can be found fro
the conditionV(fmin)50, wherefmin is the minimum value
of f for which the dust densitynd is real. This minimum
value variation due to the inclusion of the dust charge fl
tuation, trapped electrons and dust temperature effects i
vestigated in the next section.

The critical upper limit of Mach numberMmax for which
positive plasma solitary waves exist can be found from
conditionV(fmax)50, wherefmax is the maximum value of
f, meanwhile V(f) is tangent to thef-axis for which
dV(fmax)/df50. On the other hand, for the formation o
double layer the following equations must be satisfied:
st
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e
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bs F12exp~bsf!1E
0

f

G~sbf!dfG1
m

s
~12exp~2sf!!

1H 12A11
2Vd~f!

~M223sd!J ~M223sd!50,

and

m exp~2sf!2n@exp~bsf!2G~bsf!#

1S Zd /A11
2Vd~f!

~M223sd!
D 50.

These coupled transcendental equations can be solved
merically for the largest positive potential amplitude and u
per Mach number of the associated double layer.

Now, we use the tanh method31–33 to investigate the ef-
fect of introducing new effects into our system. If we expa
the expression for quasipotential aroundf50, for small am-
plitude we will recover all the results of the small amplitud
DA soliton obtained by the reduced perturbation technique
Sec. IV and Sec. V. For example, for smallf, we can write
to the order ofO(f5/2)

Vd~f!5f1
g1

2
f21

2g2

5
f5/2.

Substituting forVd(f) and the dimensionless number de
sity of dusts, electrons and ions into Eq.~28! we have

V~f!5
1

2
$~M223sd!21212g1%f

2

1
2

5 F4~sb!3/2b1

3~d21!
2g2Gf5/2.

Equation~27! can be rewritten as

S df

dz D 2

5a1f22a2f5/2, ~30!

where a15M /B and a258A/15B . Equation ~30! has the
soliton solution as Eq.~16!. For a slightly larger values off,
we can get, following the same procedure, the solution30

f~z!5F a1

4a3
6A8a1a313a2

2

8a3
2

sechS z

A 32a3

8a1a313a2
2
D G .

~31!

Equation~31! can be transformed to a shock-like wave so
tion as Eq.~22! or a soliton solution like Eq.~20! for ad-
justed constant values. However, this form agrees exa
with that obtained by Daset al.30 However, the constants
enclosed are dependent on the charge fluctuation and
temperature. Other types of solitons, viz., spiky type solit
waves, collapsible waves, etc., can be obtained by tak
higher order terms. Since the expression forV(f) derived in
Eq. ~28! is exact, one can expand it up to any desira
power off and then can obtain all different types of solita
waves depending on the nonisothermal parameter, dust
perature and the charge variation effect obtained by per
bation theory. For higher power off, we haveZd as
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Zd511g1f1g2f3/21g3f21g4f5/2,

where

g45
ga11ga21ga31ga4

215Co~11b~12sCo!!3 ,

and

ga1528bb2~sb!3/2~12sCo!,ga25215sg2Co~1

2b2~12sCo!!,

ga35
215

8Abs
g1g2ga1Co

2 ,ga45
5b1

2b2
g1ga1Co .

Thus, Sagdeev potential can be given as

V~f!5
1

2
$~M223sd!21212g1%f

2

1
2

5 F4~sb!3/2b1

3~d21!
2g2Gf5/21f3S ~d21!~d2b2!

6~d1b!2

1
1

2
g1~M223sd!212

1

3
g32

1

2
~M223sd!22D

1f7/2F2

5
g2~M223sd!212

2

7
g41

16~sb!5/2b2

105~d21! G .
In this case, Eq.~27! becomes

S df

dz D 2

5a1f22a2f5/22a3f32a4f7/2, ~32!

where a35C/3B , a458F/35B, and F5 (B/6)@21g2(M2

23sd)21215g418(sb)5/2nb2#. If a25a350, we have a
soliton solution like

f5f3m sech4/3@z/w3#,

where the amplitudef3m and the widthw3 are given by
(35M /8F)2/3 and 4

3AB/M5 w1/3, respectively. The variation
of the amplitude and the width of the soliton is considered
Sec. VII. We can reform Eq.~32!, usingf5u2, as

S du

dz D 2

5au2~z2u!3, ~33!

where z52a3/3a4 , a5a4/4, and a3
253a2a4 . Equation

~33! can be solved for the soliton profile and the solution c
be obtained as an implicit function ofz in the following
form:

f~z!5z2S 12tanh2F S z

z2Af~z!
D 1/2

2Aaz3
z

2G D 2

.

~34!

This solution gives a profile of spiky solitary wave defined
the region 0,f(z),Az and is affected bya1 and a3 ,
which are functionally dependent on the dust charged gra
as well as by the trapped electrons througha2 anda4 and all
of them are functions of the dust temperature. On the o
hand, for the region defined asf,0, the soliton solution can
n

n

s,

er

be obtained in a similar manner and it has an explosive s
tary wave profile in the plasma acoustic dynamics. Also
we proceed and take higher nonlinearities terms, we haveZd

as

Zd511g1f1g2f3/21g3f21g4f5/21g5f3,

where

g55
( i 51

6 gbi

218Co~11b~12sCo!!5 ,

and

gb152s2~11b!~12sCo!@221b~32sCo1b~3

22b12sCo~b21!!!#,

gb253s2Cog1@12b~12sCo!

3~11b~51b2sCo22b2~12sCo!!!#,

gb3523~sbCog1!2~12sCo!@31b22b2~12sCo!#,

gb452s2~bCog1!3~12sCo!@122b~12sCo!#,

gb558b1b~sb!3/2Cog2~12sCo!@11b~12sCo!#,

gb6523s~bCog2!2~12sCo!@11b~12sCo!#.

FIG. 1. Zd is plotted~a! against plasma potential disturbancef for different
bh values withd510 andb50.5, and~b! againstd for different b values
with f52 andbh50.9.
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Thus, Sagdeev potential can be given as

V~f!5
1

2
$~M223sd!21212g1%f

21
2

5 F4~sb!3/2b1

3~d21!
2g2Gf5/2

1f3S ~d21!~d2b2!

6~d1b!2 1
1

2
g1~M223sd!212

1

3
g32

1

2
~M223sd!22D

1f7/2F2

5
g2~M223sd!212

2

7
g41

16~sb!5/2b2

105~d21! G
1f4Fs3~d1b3!

24~d21!
2

1

4
g51

5

8
~M223sd!232

3

4
g1~M223sd!221

1

8
g1

2~M223sd!211
1

3
g3~M223sd!21G .

In this case, Eq.~27! becomes

S df

dz D 2

5a1f22a2f5/22a3f32a4f7/22a5f4, ~35!

where

a552Fs3~d1b3!

12~d21!
2

1

2
g51

5

4
~M223sd!232

3

2
g1~M223sd!221

1

4
g1

2~M223sd!211
2

3
g3~M223sd!21G .

Based on the similar mathematical manipulation used before, Eq.~35! is written as

S du

dz D 2

5a8u2~z82u!4,

with the following relation:a85a5/4, a2a4516a1a5 , a3a4526a2a5 , andz85a4/4a5 . The wave solution

f~z!5
z2

4 S 12
1

tanhFAa8z82~Af~z!2z8!
z

2
2S z8

2~Af~z!2z8!
D G D

2

. ~36!
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This solution represents a profile of a spiky solitary wave
the region 0,f(z),Az8 while in the region defined asf
,0, the soliton solution has an explosive solitary wave p
file.

VII. DISCUSSION AND CONCLUSION

In this paper, by employing the reductive perturbati
technique, we have studied the effects of adiabatic varia
of charges, dust temperature and trapped electrons on
solitary waves in an unmagnetized dusty plasma. The cur
neutrality from ions and electrons on the dust grains cau
an adiabatic variation of dust charges which modifies
shape of DA solitary waves.

Now, we investigate the numerical analysis of the no
linear equations obtained in this paper. First, we study
dependence of the dust charging effect on the electros
potential@Fig. 1~a!#. The dust charge number increases w
a large slope increment from its unperturbed value to
higher one corresponding to electrostatic potential variat
If bh.0 ~particles have kinetic energies larger than the th
mal energy! and the amount of trapped electrons decrea
the charge residing on the dust surface will increase. A
-

n
A

nt
es
e

-
e
tic

a
n.
r-
s,
o,

the dust particle will have a stable charge more quickly
small percentage of trapped electrons, that can be expla
as, for quickly stable charge, there are much free electr
contribute to charge the dust surface. The same behavi
the same forbh,0. Figure 1~b! shows the dependence ofZd

on the ion–electron density and temperature ratios. As
temperature or the density of ions increases the dust ch
will increase but with different manner. There exists a ma
mum admitted density value which can be calleddmax near-
est which the changes have significant and rapidly viole
changes. Also,dmax increases and admits a larger region f
charging dusts, asb decreases.

However,l equals to the lower limit of the Mach num
ber. These changes strongly affected the admitted M
number regime for waves propagation. The dependenc
the velocity of the small amplitude DA waves on the phy
cal system parameters are shown in Fig. 2. Although,
inclusion of the dust temperature increases the velocity of
wave, the increase of the ion to electron density or tempe
ture causes a decrease ofl. Also, the effect of the dus
charge fluctuation is observed as a decrease inl with respect
to the constant dust charge dusty plasma.
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The inclusion of both the free and trapped partic
forces the system to be governed by MKdV equation~14!.
The solution of this equation admits compressive DA solit
waves. Atdc or bh51 the MKdV equation fails to describe
the system. This forced us to apply a new stretching and
get the KdV equation, Eq.~19!, that admits a rarefactive

FIG. 2. The variation of phase velocityl against system paramete
variations.
s

y

e

soliton only. The dependence of the amplitude on syst
parameter variations in both cases is investigated in the
3. We can conclude that:

~1! The amplitudef1m increases as the trapped electro
amount or the ion temperature increases. Ford,3, f1m

increases very rapidly then it goes in a decremental
havior. The effect ofsd , that evidence from its depen
dence on constantB is to decrease the amplitude.

~2! The amplitudef2m slows down with a larger slope fo
d,3 after which the slope will change to a smaller o
until d goes closest todmax the amplitude behaves th
opposite behavior with a large slope increment. The
behaviors agree with that obtained by Xieet al.20 and
that stated by Shukla and Mamun.34 The b increment
gives the amplitudef2m a chance to increase ford
,dmax. Here, the inclusion ofsd causes an increment o
f2m that contrast thef1m behavior.

On the other hand, the amplitude of MKdV solution h
a smaller magnitude than of KdV solution and the width
the case of MKdV has a larger one than of KdV, that d
agrees with the well known before and stated later
Mamun.41
FIG. 3. f1m is plotted~a! againstbh for d520, b51, sd50.005,~b! againstb for d530, bh520.7,sd50.001 and~c! againstd for sd50.001,b51, and
bh520.7 and~d! f2m is plotted againstd for sd50.001 and differentb values.
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Now, we take off the small amplitude waves and go
investigate the effect of the dust temperature and dust ch
fluctuation on large amplitude waves and the Sagdeev po
tial. Figures 4–6 show the dependence of the Sagdeev
tential and maximum Mach number on the system para
eters variation. Thus, we can observe that the inclusion of
charge fluctuation increases the allowed Mach number
gime with respect to the constant dust charge. However,
admitted velocity regime is extended due to the inclusion
trapped particles especially for the flat topped distribu
ones. Higher temperature dust particles cause an increm
of the Mach number that also can be done by raising the
temperature but with different responses and extend the
mitted regime. By investigation in Figs. 5 and 6, we obse
the dependence of the Sagdeev potential on wave velo
that varies from the subsonic region to the supersonic o
The admitted solution transit from the rarefactive feature
the compressive one due to increasing of the wave velo
The minimum potential value,fmin , decreases asd in-
creases. Also, The ion and dust temperatures increase
area of the negative Sagdeev potential that allows rarefac
solitons. This effect can be overcome by the inclusion of
trapped electrons that works on the opposite way.

FIG. 4. ~a! The variation of the maximum Mach number withbh for two
different values ofd with b50.5 andsd50.05, and~b! the variation of the
maximum Mach number coressponding to variations insd and b with d
510 andbh50.5.
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Figure 7 shows the variation of the soliton solution; th
deduced from the inclusion of the second order nonisoth
mality to our system, corresponding to system parame
variations. The allowed feature is the compressive one
creases with any increase in the ion temperature or den

FIG. 5. The variation of the Sagdeev potential~a! against variation of the
Mach number, whered510, b50.5, bh50.3, sd50, M51.75 ~solid
curve!, M51.5 ~dotted curve!, M51.25 ~dashed curve! andM50.9 ~lower
curve!, ~b! againstd, whereb50.5, bh50.1, sd50, M51.7, d510 ~solid
curve!, d515 ~dashed curve!, andd520 ~dotted curve! and ~c! againstb,
where d510, bh50.3, sd50, M51.7, b50.1 ~solid curve!, b50.6
~dashed curve!, andb50.8 ~dotted curve!.
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FIG. 6. The variation of the Sagdeev potential againstbh in ~a! and~b!, whered55, b50.5,sd50, M51.7, the variation ofbh50.1– 0.7, in~b!, in the step
of 0.2 from the lower curve to the upper one, and the variation of the Sagdeev potential againstsd in ~c,d!, whered55, b50.5, bh50.3, M51.7 and the
variation ofsd50 – 0.1, in~d!, in the step of 0.05 from the upper curve to the lower one.
p

an
th

he

ble
ach
the
gree
The contrary is done by increase of the nonisothermal
rameter.

Thus, we can conclude that the dust temperature
charge fluctuation effects must be included to investigate
dusty plasma systems containing trapped electrons. T
a-

d
e
se

effects drastically change all the solitary waves and dou
layers observed in such system. On the other hand, the M
number lies within an appropriate regime depending on
system parameters. The results obtained in this paper a
exactly with those obtained by Xieet al.20 ~by neglecting the
FIG. 7. f3m is plotted~a! againstbh for d520, b51, sd50.001 and~b! againstd for sd50.001 andbh520.7 and differentb values.
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nonisothermal effect and dust temperature!, and that obtained
by Daset al.29,30 ~by neglecting the effect of dust temper
ture and variant charge!. However, these results disagre
with the lower limit of the wave velocity that obtained by M
and Liu.19Also, it is the first time to consider the effect of th
dust temperature and variation of dust charges in the p
ence of trapped electrons. We can consider this study
modification and a generalization of these previous work
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