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Dust acoustic solitary waves and double layers in a dusty plasma
with two-temperature trapped ions
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The combined effects of trapped ion distribution, two-ion-temperature, dust charge fluctuation, and
dust fluid temperature are incorporated in the study of nonlinear dust acoustic waves in an
unmagnetized dusty plasma. It is found that, owing to the departure from the Boltzmann ion
distribution to the trapped ion distribution, the dynamics of small but finite amplitude dust acoustic
waves is governed by a modified Korteweg—de Vries equation. The latter admits a stationary dust
acoustic solitary wave solution, which has stronger nonlinearity, smaller amplitude, wider width,
and higher propagation velocity than that involving adiabatic ions. The effect of
two-ion-temperature is found to provide the possibility for the coexistence of rarefactive and
compressive dust acoustic solitary structures and double layers. Although the dust fluid temperature
increases the amplitude of the small but finite amplitude solitary waves, the dust charge fluctuation
does the opposite effect. The present investigation should help us to understand the salient features
of the nonlinear dust acoustic waves that have been observed in a recent numerical simulation
study. © 2004 American Institute of PhysiddDOIl: 10.1063/1.1643757

I. INTRODUCTION showed that the finite dust temperature restricts the region
for the existence of nonlinear solitary waves. The dust tem-
There has been a rapidly growing interest in the physicgerature is important owing to the thermalization with the
of dusty plasmas not only because dust is an omnipresefns or orbital effects’ The effects of the dust fluid tempera-
ingredient of our universe, but also because of its vital role inyre and nonthermal distribution of ions drastically modify
understanding different collective proces¢emde modifica-  the properties of the large amplitude electrostatic solitary
tion, new eigenmodes, coherent structures,) étt.astro-  gtrycture<® Also, El-Labany and El-Taibardy studied the
physical and space environmeht§. The consideration of effects of dust temperature, charge fluctuation and ion
charged dust grains in a plasma does not only modify thgtreaming on DA waves and double layéRd s). The effects
existing plasma wave spectfd,but also introduces a nuM- ¢t finite dust temperature, dust charge fluctuation on DA
ber ofgqgw novel eigenmodes, such as dust acoiB)  \yayes and DLs in a warm dusty plasma system containing
waves9 dust ion acoustidDIA) wavest''? dust lattice trapped and free electrons are investigafed.
waves%““etcg. _ _ _ Tagaré' extended the model of Mamuat al® to a
Rao et al” first reporteq .theoretlcallly the.eX|stence of dusty plasma consisting of cold dust particles and two-
extremely low phase velocityin comparison with the elec- temperature isothermal ions and studied the existence and

trgrtijgdn:ggsth?gagle;/?lhoeuit?eﬁg a\’l\:%vfﬁevmgren;]e rg:zhr ‘%roperties of DA solitary waves. Using the reductive pertur-
b P ; e P ation theory and pseudopotential method, Xieal?? stud-
from the electrons and ions give rise to the restoring force.

9 ) . . ied the DA solitary waves and DLs in dusty plasma with
Raoet al.“ have studied the DA solitary waves in an UNMAg~, ariable dust charge and two-temperature ions, and they have
netized dusty plasméwith cold dust fluid by using the re- 9 P ’ y

ductive perturbation method. Motivated by the experimentaPhown that both compressive and rarefactive solitons as well
observatioft of such low phase velocity DA waves, Mamun as DLs exist. Also, the amplitudes of the dust solitary waves

et al’® have investigated nonlinear DA waves in a two- become smaller and the regime of Mach number is extended

component unmagnetized dusty plasma consisting of a neg&’-ider for the variable dust charge situation compared to the
tively charged cold dust fluid and Maxwellian ions. constant dust charge situation. On the other hand, the topics

On the other hand, Roychoudhury and Mukhéfjee of nonsllnear grain charge var|at|on.and electrqstatlc ion

waveg? have been reported by regarding dust grains as point

Sauth A | hould be add 4B , charges, where the Debye length is much larger than the

uthor to whom correspondence shou e addressed. ectronic mail; ~ H H
eltaibany@hotmail.com |nter grain distance. . . .

Pnstitute of Theoretical Physics IV, Faculty of Physics and Astronomy, On the other hand, Schekirdwstudied analytically the

Ruhr University, Bochum, D-44780 Bochum, Germany. Permanent adnonlinear properties of DA waves in a dusty plasma consist-

dress: Department of Physics, Jahangirnagar University, Savar, Dhakz?ng of cold dust grains of constant charge and nonisothermal

Bangladesh. . 5 . . .
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sity, Port Said City, Egypt. considering nonisothermal ions. The effect of nonlinear dust
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grain charging on large amplitude electrostatic waves in @and compressive solitons as well as DLs are also obtained in
dusty plasma with trapped ions has been studied by N@&joh. the same sectiofSec. Il). Finally, a brief discussion is pre-
Kakati and Goswarfil studied nonlinear shock-like DA sented in Sec. IV.

waves consn_:lermg _nomsotherma! ions and z_idlabatlc _duﬂ_ BASIC EQUATIONS

charge variations using the reductive perturbation technique. i . o
El-Labanyet al 2 revisited the same problem and studied the W& consider an unmagnetized dusty plasma consisting of
critical density solitary waves and small amplitude DA Massive, negatively charged dust grains, isothergix-
waves in a hot dusty plasma with nonisothermal ions. AlsoWellian) _electrons and nOﬂI_Schermadtrapped or bi-

the effect of nonadiabatic dust charge variations on nonlinea¥i@xwellian) ions. Thus, at equilibrium we have

DA waves with nonisothermal ions has been investigated by  nj;, + Nipo=Neot ZgoNdo (1)

Ghoshet al?°
. . .where n;,, Niho» Neo, andny, are the unperturbed low-
In most practical dusty plasma experiments, a gas flow i ; . :
: . . . temperature ion, high-temperature ion, electron and dust
usually introduced, which can be charged quickly, while o . .
number densities, respectively, adg, is the unperturbed

keeping relatively low temperature. It was found theoreti- - .
. . . -~ number of electrons residing on the dust grain surface. The
cally that two ion acoustic modes can propagate in two-ion

plasmag? Lakshami and Bharuthrathstudied large ampli- honlinear dynamics of one-dimensional low phase spi&ed
. . . . comparison with ion thermal spee®A waves in such a

tude rarefactive DA solitons in a plasma with Boltzmanndust lasma are described?B§

distributed electrons, ion species at different temperatures yPp

and dust grains with constant charges. Roychoudhury and dng N d(ngug) ~0

Chatterjed! studied arbitrary amplitude DLs in dusty ot IX ' &)
plasma. They investigated the region of existence of DLs
theoretically and numerically. The obliquely propagating %ﬁtu %4_30 n %—Z a_¢:0 3)
solitary DA holes in a hot magnetized two-ion-temperature ~ t 4 ox Tdox Tdax
dusty plasma has been studied by Maritin. P

Recent numerical simulation stud?sen linear and non- = = ZaNa+ Ne= i —Nip, 4

linear DA waves exhibit a significant amount of ion trapping

in the wave potential. Clearly, there is a departure from thevhereny is the dust number density normalized fy, ; and
Boltzmann ion distribution and one encounters vortex-liken, andn; (n;,) are the electron number density and the low
ion distributions in phase space. In this article, we investigatéhigh) temperature ion number density, respectively,
the properties of nonlinear DA waves by incorporating thenormalized byngoZ4,. Uq is the dust fluid speed normalized
effects of two-temperature nonisothermal ion distributionsby the DA speedC = (Z4,Tex/My)*% ¢ is the electrostatic
that have vortex-like distribution$3®As the effects of sec- wave potential normalized b¥.¢/e, Z4 is the number of
ond component of low-temperature species, dust temperalectrons residing on the dust grain surface normalized by
ture, and dust charge fluctuation, which have not been coréy,, 04=(Tgq/ZgoTer)y Tetr=ZaNdd (Neo/Te) + (Mo /Tit)
sidered in these earlier investigatici$>2® drastically  +(Nino/Tin)]1 ™% 81=Ni1o /Neo» 02=Nine/Neo, andmy is the
modify the properties of electrostatic solitary structutelsy  dust particle mass. The space coordinatand timet are

the present work we study the DA solitary structures in anormalized by the Debye lengttpy= (Ter/47ZgoNg0e?) 2
warm unmagnetized dusty plasma which consists of a negand the dust plasma periad, 4 = (mg/47Z5,ng0e?) 2, re-
tively charged extremely massive dust fluid, isothermal elecspectively. The electrons are assumed to have Boltzmann

trons and trapped ions of two different temperatures. distribution. Thus, we can expressg as

This article is organized as follows: The basic equations 1
governing the dynamics of the nonlinear DA waves are pre- n,=—————exp8;5¢), (5)
sented in Sec. Il. The modified KdWIKdV) equation and 61+ 6,1

its stationary solitary wave solution are derived in Sec. lll.where 81=T; /To, s=T/Ty, and T, (T;) is the thermal
The MKdV equation is then generalized to include the ef-energy of electronglow temperature ions On the other
fects of dust charge fluctuation, dust temperature and nonisdwand, the ion number densitiag in the presence of trapped
thermal ion distribution. The formalisms of both rarefactive particles can be expressed

expl’;B;VvI';B; for B;=0,
ijo

1
= I'H[1—erf(VI; — 2 J=T.8:
N haeZas expl'))[ er(\/—J)H\/Ej Texp(rjﬁj) P expx2)dX  for B;<0.
T

n .

0

wherel';= —T®/T;;, B; represent the ratio of the free ion temperatilijeto the trapped ion temperatuig;, andj =1 (]
=h) for low (high) temperature ions. Now, fop<1, we can approximate;; as
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Nijo 4 32 1 2 8 5/2 16 —a—5=08=5R=
o . T3 T2 . T ] 8=05=5p,=.01
M= NgoZao L= ghul i o1 1gPail] 1.4] —o——51:12:52: 0001

] 1 .

1 1.2] --x%--5=15=5p,=.01

_rs ] !

+6rJ+ } 1.0 —%61:1@:1[131:01

wherebkj=(1—,8:-‘)/\/F. The caseg;=0 andgB;=1 corre- ]
spond to the plasma having the flat topped and Maxwellianﬁ 0.6
distributions, respectively. Thus, for isothermal ions we put 0.4
by;=0, whereas for the nonisothermal ions, we have 0 ]

<by;<1/\/m. Thereforen;; can be rewritten in the form °-2§

0.0]

n;; :

nyy =——2—[exp[) —Gy(I'))], 03]
ndozdo L B B Bl B i n A M AL RN Rl nEAnn s EEALE

wheré&”e_j(rj):zle[g(kfl>bkj(rj)<2k+1>’2/ngzk+ 1)]. A
Now, substitutingl’; and j into our last equation we can

expresn; andn;, as FIG. 1. Z, is plotted against for different values of,, &, andB;, where
B2=0.1, o‘d=0 andﬁ|:Bh: 1.

o
M= 57L&~ S$)~Gi(~5)], (6)

5, negative plasma potential disturbance, as its strength in-
nih:m[exﬁ—5,3¢)—Gh(—sﬂ¢)], 7) greases,zd decreases from on@which is the unperturbed
ust charge numbgto zero. AséS; increasesZ, decreases
for the potential disturbance up to the cutoffgs= — 3.6. As
B2=Tin/Te andB=p1/B,. B: increasesZ, increases, whileZ, decreases a$, in-

We note thaZy in (2) and(3) is not constant but varies creases. For a dusty plasma system containing one ion only,
with space and time. Thug1)—(3) are completed by the 7z, increases rapidly in the neighborhood of the unperturbed
normalized dust grain charging equatfShHowever, the glectrostatic potential to a greater value than the unperturbed
characteristic time for dust motion is of order of tens Ofone’ thus it behaves like the dusty p|a_sma contains two-
milliseconds for micrometer-sized graitfswhile the dust temperature ions. Figure 2 shows the effect of the low-
charging time is typically of order of 10 s. Therefore, on  temperature trapped ion on the dust charge. We observed that
the hydrodynamic time scale, the dust charge can quicklyoth figures display distinct effects especially for the nega-
reach local equilibrium, at which the currents from the elec+jye potential values. It is obvious from Fig. 2 that there exist
trons, low- and high-temperature ions to the dust are balyyo minimum values for either flat topped distribution or for
anced. Thus, using the current balance equéffoand the particles that have velocity less than the thermal velocity.
orbit-motion-limited probe modét we have

a6, (1—sW)[exp(—s¢) —Gi(—s¢)] 3
+ az0,(1= PV )[exp(—5B¢) ~ Gr(—5B)] 2
=expspi ¥+ a]), ® 0
=13
where W= —Z4Z408%/1 4 Teg, a1 ,=(Br2/ i) and u; 2
=m;/m,. We note that at equilibriunZy=1 and¥v =¥, s
= —Z40€%Ir 4 Teir, Which can be determined by N 4
-5
a18:(1= 5V o) + az0,(1- BV o) =exp(sBr Vo). (9) 5
To show the dependence Bf on the physical parameters of : ——-f{=-0.3
the system we have numerically analyzed E). The nu- 10] — =0
merical results are displayed in Figs. 1 and 2. We have founc 8 Y | ____. =0.5
some significant features in contrast with that studied in ear- 45 R=0.

lier works2%?? Figure 1 admits dust charge values for nega- 40 35 30 25 20 -5 40 05 00
tive potential disturbance that does not appear previously

For positive plasma potential, increasing disturbance ¢
strength, firstZ, decrease.s quickly with a large slope, thengig. 2. z, is plotted againsi for different values ofg, , where 8,=1,
gradually slows down with a smaller slope. However, fors,=5, 8,=0.01, 3,=0.1, 04=0, andB,=0.8.
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However, for particles that have velocity greater than the  u =zguy,+ &%, +e?ugz+e>ugs+---,
thermal oneZ4 has one minimum and one maximum in the Ao 5 . (10)
negative potential region. Zyg=1+eZy+e ZypteZyzte Lyt -,

_ 312 2 5/2
=1+ °pot e’ pst eyt .

) ) ] Now, substituting these expansions into E@$—(8) and col-
To §tudy the dynamics Qf sm.aII-ampllltude DA solitary lecting the terms of different powers ef in the lowest order,
waves in the presence of adiabatic variation of dust charggge optain

and trapped ions of two different temperatures, we employ a
reductive perturbation technique. We introduce the stretched Na1= —R¢1,
coordinate¥"4? ¢=gV4(x—\t) and 7=¢%%, wheree is a

III. NONLINEAR DUST ACOUSTIC WAVES

Ug1=—AR¢q, 11
small parameter antl is the solitary wave velocity normal- da $1 (1
ized byC,. The variablesy, uy, Z4 and ¢ are expanded as Zi1= V191,
Ng=1+eng +e¥ng,+ +e?ngz+e>ng,+--+, whereR=(\?—30y) ! and
|
_ {@161(1+ B1)(1=5V o)+ a85( B+ B1) (1 =SBV )}
W [ay0,{1+ By(1-SW o)+ azdy( Bt Bi{1- BV D]
|
The linear dispersion relation is given by by ey Fpy
— +AJ—¢1— +B—==0, 13
S(By+ 01+ 5,B) aT é1 2 23 13

Y1t (6,4 6,-1) 12
It agrees with that obtained by X&t al““ with 04=0 and it  where
does not depend on the nonisothermal parameter. It is seen
that \ is proportional to the square root ef;. The dust
temperature increases the velocity and the contrary occurs B=1/2AR?,
with the effect of dust charge variation wheyg>0.
The next order ine,0(¢%?), yields a system of equa- ” .
tions that leads to the modified Korteweg—de VrisdV) A—B 287610y + 85b108™) 3
equation (6,+68,—1) 272

|22

AVS[a181(1- 8P )by + 0 8,8%% (1B ) ]
Y273V [a6,(1+ Bo(1— W) + azdy( B+ Ba(1—SBV )]

Now, using the boundary conditions <103, reaches a maximum value, and then it begins to
dea(n) A2 ( 1) degrease as; increases; andii) ¢ de_creasgs rapidly.as
é1(17)—0, 27 o, 12 .0 as B, increases. It might have a compressive soliton form if the
dz dz particles have an isothermal populatidiv) It is obvious,
Ip| = p=¢—Mr, (14) from the expre_ssion abim, t_hat it i_ncreases asy i_nc_reases.
The variation of the soliton width due to variation of the
the stationary solution of Eq13) is given by second low-temperature ion parameters has the same feature
b1= brsech niw,], (15) of \ variation except for the dust temperature variation. Fig-

ure 6 shows thak increases as increases, but the width
where the amplitudep,,,, and the widthw,; are given by decreases. So, the inclusion of the dust temperature decreases
—(15M/8A)2 and 4/B/M, respectively. The soliton solution the soliton width.

has amplitude smaller than that obtained in the isothermal The solution of the MKdV equation admits only rarefac-
case while the width becomes wider. Equatid®) admits tive solitons. The DA waves are rarefactiveAk 0. If one

only a rarefactive soliton. Figures 3—5 show the dependencputsA=0 that corresponds {8,=8,=1 or é., one can get

of ¢, on the lower-temperature trapped ions parametersan equation which can be solved numerically to obtain the
One observed thdi) ¢, increases ag, increases, but it relation betweens; and §,. The MKdV equation is, there-
decreases a8, increases(ii) ¢, increases rapidly fop,;  fore, inadequate, and one has to find another equation in
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FIG. 3. ¢4, is plotted against, for different values ofé;, where 8, FIG. 5. ¢, is plotted againsy3,, where §,=1, §,=5, 8;=0.0001, 8,
=0.0001,8,=0.1, 04=0, 3,=0.2, andB,=0.8. =0.1, 64=0, and,=0.95.

order to study the nonlinear properties of DA waves. We uséor the next order i, O(e?), we obtain a set of equations,
the stretched coordinaf@s4—3643¢ =4 x—\t), r=¢%%,  which, after making use of Eq¢l1) and(16), yields

and follow the same procedure used before. Accordingly, for P P Py P
the lowest order o we obtain the relation§l1), and for T+A&—{(—¢l)l’2¢2}+8 & TCh1—-=0,
next order ofe we get T 3 9¢ 3 19
Ng2=—Rez, Uz=—AR¢y, where
Zd2: 71¢2+ ’)/2( - ¢1)3/21 (16) SZ( 617 B§+3252) , ,
C=B +3R(y1— [N+ 0oy4]R
S(B1+ 1+ 8:8) (61+6,—1) (ra-1 alR)
N5+ 6,- 1) b2
-2
_[45¥ 81by+ 8,0118%) I e an 73}
3(8,+5,—1) 2T and
0.6 1.75
-0.65] 170
0.70§ 1.65
0.75 1.60
0804 1.56
< -0.89 1_505
-0.904 1455
-
-0.95 1.40
-1.004 135
-1.03 1.30
—1.1n:|'I'I'ITFHTFHTI'HTI'HTFFITFHTI'HTFHTI'HTI'HTI'I'F . 1 25
101 2 3 45 6 7 893 100 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
B,/ 10° %

FIG. 4. ¢y IS plotted againsiB,, wheres,=1, §,=5, 8,=0.1, 64=0, FIG. 6. A and width are plotted againsty, where 6,=1, §,=10, B,
B| 0.2, andﬁh =0.1, Bz 0.5, ,8| 0.2, andﬁh=08
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Yd
V5= yn ¥d= Ya1+ Yozt Va3, V(¢m,M)=0, (d751)¢ B =0 and
1~ %m
s 2
yar=5 @181 (1= B2 (1= W o)+ b 2= B2) (d_\g) <o. (23)
d¢l ¢l:¢m
X(1-spV,)}.
, Using y?= — ¢, in Eq. (22), we have
Ya2= ¥1SVol a161(1— B1(1—sV¥,))
2_ 2 V(v M) = _My4+4Dy5 Cy°
T a6~ B1(1-sBVy))], (y,M)= 2B 158 6B’
s(y181¥)? - i
Y= — 1 21 0 [a,5,(1—s¥,) which can be rewritten as
—Cy*
+82(1-5BW,)]. V(y)= g~ (Y=¥Ym? (24

The one-soliton solution of Eq18), A=0, is given by where the conditiong23) imply

$1= dam SeCh n/w,], (19 4D

where the amplitudep,,, and the widthw, are given by Ym=5¢
3M/C and 2yB/M=0.5w,, respectively. Since/;=0, vy, o . ]
=0 andM>0, Eq.(19) clearly indicates that both rarefac- SubsytutlngM andD into the relation(21), we can trans-
tive and compressive solitons exist. The width of the solitorform into
becomes narrower than that of the MKdV equation. One can dvi2 Cv2
observe that the inclusion of the second trapped ion species _y) :_y(y_y )2,
admits the existence of the two kinds of solitons. On the d7 128 "
other hand, wheéf! Ag,— — 2D ¢,/3, Eq.(18) would reduce
to

4 M 16D? )
an BT ok (25

Thus, the DL solution is

2

d¢ L ¢ _ Yme 2
0_§1+B¥3‘1+C(ﬁla—§1:0_ (20) b1 4 [1—tanH 7/w)]%, (26)

Equation(20) has the same form as E@9) of Ref. 34, the where

only differences between EQO) here and Eq(49) of Ref. 5
34 are in coefficients D, B, and C. If D ®(1), Eq. (20 w= —
reduces to Eq(49) of Ref. 34, and the; scaling prevails D

alccoun.ting for a balance of th_e incre?/sed nonIine_arity an‘F—|ere, rarefactive DA DLs are admitted only contrary to the
dispersion. On the other hand, if D@« ), the nonlinear- e sudied in recent studi®® with the inclusion of ion
ity is weakened and becomes comparable to the ordinar, eam or trapped electrons

hyd[odyn.ami.c nonlinegrity represeqted by the C-term, an Now, if the nonlinear coefficient of the KdV equation
the 5 scaling is appropriaté! The scaling, hence, reflects the vanishesC=0, i.e., the KdV equation fails to describe the

j\f;ire'g;zlﬁzi;?]i n%?g”ﬁig? i%%?:?ggﬁt;?r (\j,\'/f;/reersltoﬁﬁ:gir?nsystem successfully. This failure forces us to look for another
. . . 9 : y T equation which is suitable for describing the evolution of the
which both nonlinearities are taken into account is given b

y . .
B . system. Figure 7 shows the relation betwe&&grand &, cor-
Eq(.j(_4&?[) of Rff. 3;4'. Now, ".SUbi;'tu“n@_tg M in Eq.(20) responding to two values @, and forC=0. It shows that
and integrating twice, usingl4), we ge 6, increases ag; or B, increases. Instead of the stretching

%4' D(—¢1)*?

3BC.

2 2 _ 1/2 used before we have to use higher stretching coordinates of
E(% :M¢1( _8D(=4)" Cés the perturbation theoR?, ¢=¢e%4(x—\t) and 7=¢%4%. We
2\ d7y 2B 1M 3M obtain the linear relation, Eq12), for the lowest order, and
=—V(¢1,M). (21) for the next orders of we get the same relatior{gl), (16)
and (17). The third order perturbed quantities can be ob-
Hence tained as
Vigimy= MOL 4D @)™ Cai Ngs=R{~ b3+ E1ThUss=AR{~ d+ B2},
2B 158 6B (27)

_ _ . Zgs= 103t 3v2bo(— 1)+ y307,
For the formation of DLs, we must satisfy the following
conditions: and
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FIG. 7. The variation ob, andd, corresponding t&€ =0, wheresy=0 and
Bi=pn=1.
S(B1+ 61+ 528) -t
= L
b [” i1 °
(81— B+ B*5y)
X
2(51“1‘ 52_1)
+§R( —[A2+ 0 4]R?) — y3|$2
2 Y1 o4]R%) — 3|1
25¥%( 51y + 8,01,8%9) 3 (— b))
(6,+8,— 1) 272l Pl Pef
(28)
where
Ei=— 371+ IN?+04]R?%, E,=E,;—\RZ

If we continue to the next order of, we get a system of

equations in the subscripted 4 perturbed quantities. Eliminat  ~17
ing the perturbed quantities with subscript 4, we obtain a

further MKdV (FMKdV) equation

¢1 ddq Py
+F( ¢l)3/2 g +B &53 :01 (29)
where

1 854 81by+ 8,0n8%?)
F/B= 3 21y,R—15y,+ (614 6,—1) ,

Ye
YaTg v Ye=Yert Ye2 Ye3 ™ Ves,

0o/a

Yer= — 15\/S [ a16,(1—sP,)by
+ 28,85, (1-sBY,) ],

Yer=— 311V oS @y 8101+ @2 8,8%%14],
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The one-soliton solution of Eq29) is given by

b1= dpamsectd niws], (30
where the amplitudeps,, and the widthw; are given by
(35M/8F )22 and (3) VB/M =w,/3, respectively.

Figures 8 and 9 show the variation @k, for different

parametric regimes. It is shown th@j ¢5,, decreases rap-
idly as 3, increases fo3;<10 3, then it decreases gradu-

- 1-
“1 24rrrrrrreeeereeTTTTe TP T T

-1.0 -03 -06 -04 -02 00 02 04 06 03
By

FIG. 9. ¢3, is plotted agains, ,
=0.1, 04=0, andB,=0.95.

where §;=1, §,=

5, ,=0.0001, 5,
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