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[1] The nonlinear propagation of electron acoustic waves (EAWs) in a plasma composed
of a cold electron fluid, hot electrons obeying trapped/vortex-like distribution, warm
electron beam, and stationary ions is considered. The streaming velocity of the beam, uo,
plays the dominant role in changing the topology of the linear dispersion relation. For
small but finite amplitude EAWs, a modified Korteweg de Vries (MKdV) equation is
derived. It is found that the MKdV supports EAWs having a positive potential, which
corresponds to a hole (hump) in the cold (hot) electron number density. The energy soliton
amplitude decreases, though its width increases for any increase in the beam parameters.
In the vicinity of the isothermal population, a nonlinear evolution equation with mixed
nonlinearity is obtained. Its solution gives a (compressive/rarefactive) soliton or a
compressive double layer (DL) depending on the system parameters. For arbitrary
amplitude EAWs, the exact Sagdeev potential has been derived. The admitted Mach
number regime widens due to an increase of the beam parameters. With a better
approximation in the Sagdeev potential, more features of solitary waves, e.g., spiky
and explosive, are also highlighted. The introduced effects modify significantly the wave
velocity, the amplitude, and the width of the EAWs investigated numerically. This
theoretical model is in good agreement with the broadband noise emission observed
by Geotail spacecraft in the plasma sheet boundary layer of the Earth’s magnetosphere.
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1. Introduction

[2] Satellite measurements in the auroral and other
regions of the magnetosphere have shown bursts of broad-
band electrostatic noise (BEN) emission with frequencies up
to and higher than the electron plasma and cyclotron
frequencies [Temerin et al., 1982; Matsumoto et al., 1994;
Catell et al., 1999]. The associated electric field intensities
of these BENs range from a few mV/m to 100 mV/m.
Observations of solitary waves in the auroral zone suggest
that there are two classes of solitary waves: the first kind is
associated with electron beams and the other is associated
with ion beams [Ergun et al., 1998]. Here the first kind will
be the main focus.
[3] Solitary waves associated with electrons were first

observed by Geotail [Matsumoto et al., 1994] and later by
FAST [Ergun et al., 1998] and Polar [Cattell et al., 1999].
The signature of these observations is found to display a
nonlinear behavior. In particular, BEN is found to have
waveforms of solitary bipolar electric field pulses which
are called electrostatic solitary waves (ESW). The time-
scale of ESW suggests that they are related to electron

dynamic rather than ions [Matsumoto et al., 1994].
Onsager et al. [1993] described the correlation of BEN
with the high-energy electron component in the absence
of ion flows. It is also found that these solitary waves in
the plasma sheet boundary layer (PSBL) are either an
electron hole (EH) or an electron acoustic solitary wave
(EASW) propagating with velocities of a few thousand
km/s [Cattell et al., 1999]. The EH were first reported in
laboratory experiments and numerical simulations and
later analytically [Saeki et al., 1979; Schamel, 1982;
Turikov, 1984; Guio et al., 2003]. These EHs are excited
by a weak electron beam instability such as bump-on-tail
instability, which is the most probable candidate that can
form relatively small electrostatic potentials moving with
the electron beam. These electrostatic potentials are
formed by high-energy electrons in the nonlinear stage
of electron beam instabilities reproduced in computer
simulations [Matsumoto et al., 1994; Omura et al.,
1994, 1996]. Moreover, they are close to the Bernstein-
Green-Kruskal (BGK) equilibrium [Bernstein et al., 1957]
formed in the resonant and nonresonant plasma screenings
of bunched electrons trapped by a potential pulse moving
in a plasma [Krasovsky et al., 1997]. The trapped elec-
trons are responsible for the formation of the high-energy
tail in the velocity distribution function [Omura et al.,
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1996]. The interaction of two weak ESWs associated with
a deficit of the electrons trapped in the self-consistent
potential well was studied by Krasovsky et al. [1999].
These authors showed that a violation of the adiabaticity
of the particle motion and phase mixing process entail an
irreversible deformation of the hole structure, effective
heating of the holes, and the corresponding losses in the
mechanical energy of the system. Recently, using the
general analysis of localized BGK waves, Krasovsky et
al. [2003] investigated unified physical models of ESW
based on the additivity of the trapped electron distribution
function as well as energetic relations and universal
restrictions on the parameters and waveforms of the
solitons.
[4] On the other hand, the spectrum of electron acoustic

(EA) linear waves extends only up to the plasma frequency
of the cold electron population, wpc = (4pe2nco/me)

1/2,
where nco is the unperturbed cold plasma density and me

is the mass of electron. At this high frequency, the ion
population plays the role of a neutralizing background, the
restoring force comes from the pressure of the hot elec-
trons, while the inertia comes from the mass of the cold
electron component [Watanabe and Taniuti, 1977]. The
EA velocity equals to vea = (nco/nho)

1/2vth, where nho is the
unperturbed hot electron density, vth = (KBTh/me)

1/2, Th is
the hot electron temperature, and KB is the Boltzmann’s
constant. Tokar and Gary [1984] found that electron
acoustic waves (EAWs) contribute mostly to electrostatic
high-frequency noise excited in a two-component electron
plasma when the cold to hot electron population ratio is
small. Later on, the relation between the higher-
order modes and the EAWs in a two-electron-temperature
plasma was discussed [Mace and Hellberg, 1990]. Mace et
al. [1991] investigated the electron acoustic solitary waves
(EASWs) in an unmagnetized plasma model in which the
ions and the cold electron fluid are of finite temperature.
However, their system admits the negative potential soli-
tary structures associated only with a compression of the
cold electron density.
[5] Since the EAWs can be excited by electron and

laser beams [Montgomery et al., 2001], the electron
beams, in addition to the two electron populations, are
considered to be the main energy source for the excitation
of the wave mode. When the beam energy is sufficiently
large, the nonlinear and dispersive effects will compete to
produce EAWs, which are stationary in their comoving
reference frame [Watanabe and Taniuti, 1977]. Motivated
by the observations that the plasma in the Earth’s mag-
netosphere consists of four species, Berthomier et al.
[2000] studied EA solitons in an electron beam plasma
system. The produced electrostatic potential pulses are
associated with an enhancement of the cold electron
density and a decrease of the hot electron density. Singh
and Lakhina [2001] studied the generation of BEN by
EAWs in a four-component unmagnetized plasma. They
applied the linear theory to study the stability and the
growth rate of the EAWs for three different regions of the
Earth’s magnetosphere.
[6] However, most of the previous studies are concerned

only with a Maxwellian isothermal electron distribution. In
practice, the hot electrons may not follow a Maxwellian
distribution due to the formation of phase space holes

caused by the trapping of hot electrons in a wave potential.
Accordingly, in most space plasmas the hot electrons follow
the trapped/vortex-like distribution [Schamel, 1972, 1979,
1986]. Recently, Mamun and Shukla [2002] studied EAWs
in a space plasma system consisting of two-temperature
electrons (the hot electrons obey the vortex-like distribu-
tion) and stationary ions using a Sagdeev potential method.
It is found that the plasma model supports having a positive
potential, which corresponds to a hole (hump) in the cold
(hot) electron number density.
[7] The motive of this paper is to study the effect of the

introduction of the fourth component (electron beam) into
a three-component plasma system consisting of cold elec-
tron fluid, background warm electrons obeying vortex-like
distribution, and stationary ions. The contribution of the
hot electron distribution, whether they obey the vortex-
like/trapped or the isothermal distributions, will be also
studied. The present model is suggested to describe the
ESW observed by Geotail spacecraft in the PSBL region.
[8] This paper is organized as follows: The basic equa-

tions governing the dynamics of the nonlinear EAWs are
presented in section 2. In section 3 the evolution equation
describing the propagation of nonlinear EAWs is derived. In
section 4 a critical case, the Korteweg de Vries (KdV)
equation with a mixed nonlinearity, is obtained. Its solutions
and the conditions under which the double layer (DL) can
be formed are discussed. In section 5 the exact Sagdeev
potential is derived and the dependency of the admitted
Mach number regime on the system parameters is investi-
gated. Section 6 is devoted to the conclusion.

2. Basic Equations

[9] Let us consider a collisionless unmagnetized plasma
with four components, namely, a cold electron fluid, hot
electrons obeying trapped/vortex-like distribution, a warm
electron beam, and stationary ions. The basic equations
describing the propagation of the EAWs in dimensionless
form are given as follows:

@nj
@t

þ
@ njuj
� �
@x

¼ 0; ð1Þ

@uj
@t

þ uj
@uj
@x

þ ac 3sjnj
@nj
@x

� @f
@x

� �
¼ 0; ð2Þ

where nj and uj ( j = c for cold electron and b for electron
beam) are the densities and velocities of the two fluids, f
is the electrostatic potential, x is the space coordinate, and
t is the time variable. To model the hot electron distribution
in the presence of trapped particles, we employ the
following generalized vortex-like electron distribution, fh,
of Schamel [1972, 1973, 2000] which solves the electron
Vlasov equation, i.e.,

fhf ¼
1ffiffiffiffiffiffi
2p

p exp � ~u� vh � vdð Þ½ �2

2

( )
uj j >

ffiffiffiffiffiffi
2f

p
;

fht ¼
1ffiffiffiffiffiffi
2p

p exp �
b ~uþ vh � vdð Þ2
h i

2

8<
:

9=
; uj j 


ffiffiffiffiffiffi
2f

p
;
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where ~u =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� vhð Þ2� 2f

q
sign (u � vh), vd is the drift

velocity of hot electron component and vh is the velocity
of vortices/holes which corresponds to the velocity of
potential f. fh = fhf + fht. Here fhf represents the
distribution of the untrapped electrons, which in the limit
f ! 0 reduces to a shifted Maxwellian, as it should be.
Here fht is the distribution function for the trapped
electrons and represents a hole (in phase space) if b is
negative. Here jbj is the ratio of the free hot electron
temperature Th to the trapped electron temperature Tht and
it determines the number of trapped electrons. This
distribution function is continuous in velocity space and
satisfies the regularity requirements for an admissible
BGK solution [Schamel, 1975]. As it is obvious, in the
present physical model the cold fluid component and ions
are in the rest frame, the electron beam component
initially moving at uo, the major hot component and
vortices (i.e., potential structures) are moving at velocity
equals to the EASW velocity l. It is important to study
propagation of EASWs in a realistic model in which
potential structures are drifting against the major hot
electrons motion, i.e., vh = vd = l. Thus integrating the
electron distributions over the velocity space, the hot
electron number density nh for b < 0 can be expressed as
[Schamel, 1972, 1973]

nh ¼ I fð Þ þ 2ffiffiffiffiffiffiffiffi
pjbj

p WD

ffiffiffiffiffiffiffiffiffi
�bf

p� �
; ð3aÞ

where I(x) = [1 � erf (
ffiffiffi
x

p
)]exp(x) and WD(x) = exp(�x2)

R x
0

exp ( y2) dy. Equation (3a) can be simplified to take the
form

nh ¼ exp fð Þ � G fð Þ; ð3bÞ

where G(f) =
P1
k¼1

[2(k+1)bk(f)
(2k+1)/2/�(2k + 1)], bk = (1 �

bk)/
ffiffiffi
p

p
. This system of equations is closed by Poissons’s

equation

@2f
@x2

¼ nc

ac

þ nh þ
nb

ab

� 1

ac

þ 1

ab

þ 1

� �
: ð4Þ

In equations (1)–(4), the physical quantities nj, uj, f, x,
and t are normalized to their equilibrium densities njo to

vea to KBTh/e, to the hot electron Debye length lDh =

(KBTh/4pnhoe
2)1/2 and to wpc

�1, respectively. Also, we

have introduced the following parameters

aj ¼ nho=njo
� �

and

sj ¼ Tj=Th
� �

:

3. Nonlinear Electron Acoustic Waves (EAWs)

[10] In order to study the dynamics of small-amplitude
EASWs, a reductive perturbation technique [Washimi and
Tanuiti, 1966] is employed. First, we introduce the stretched

coordinates [Schamel, 1972] x = e1/4(x � lt), and t = e3/4t
in equations (1)–(4), where e is a small parameter. Here l
will be determined later. The physical quantities �  [nc, nb,
uc, ub, f] are expanded as power series in e about their
equilibrium values as

� ¼ �o þ
X1
q¼1

e
qþ1
2 �q: ð5Þ

We assume the following boundary conditions, as jxj ! 1

nj �! 1;

uc �! 0;

ub �! uo;

f �! 0:

ð6Þ

[11] Substituting these expansions into the basic set of
equations (1)– (4), then collecting terms with different
powers of e, we obtain to the lowest order

nc1 ¼ �acZ1f1; uc1 ¼ �lacZ1 f1; nb1 ¼ �acZ2f1;

ub1 ¼ � ~lacZ2 f1; ð7Þ

where

Z1 ¼ l2 � 3acsc
� ��1

; Z2 ¼ ~l2 � 3acsb
� ��1

; ~l ¼ l� uo:

The linear dispersion relation is given by

Z1 þ ac=abð ÞZ2 ¼ 1: ð8Þ

Equation (8) is a fourth-order algebraic equation in l from
which one can get the wave velocity l that will present the
lowest admitted Mach number for the present system. We
can observe that l is independent of b and it agrees exactly

Figure 1. The dispersion relation roots against uo for two
different values of sb, where ac = 5, ab = 15, and sc =
0.002.
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with that obtained by Berthomier et al. [2000] and Mamun
and Shukla [2002]. However, Mamun and Shukla [2002]
considered that the wave velocity equals to one. It was
registered from the results of auroral observations of BEN
that the EAWs propagate with a supersonic velocity, i.e.,
greater than vea. In this model, the introduction of the warm
electron beam with the inclusion of the temperature of each
species changes the topology of the root of equation (8) and
overcomes this discrepancy. Figure 1 shows the dependency
of the positive roots of equation (8) on uo for two values of
sb. It is obvious that l increases as uo increases. Singh and
Lakhina [2001] predicted that the maximum growth rate of
the EAWs took place at uo = 2.2, after which (8) will admit
three different wave velocities. Moreover, l is affected by
sb variation but it is not affected significantly by sc change.
The parameters are chosen in this paper to compare our
results with the ESW observed in the PSBL region [Parks,
1984; Onsager et al., 1993; Singh and Lakhina, 2001;
Omura et al., 1994, 1999; Matsumoto et al., 1994].
[12] To the next higher order in e, we get a system of

equations in the second-order perturbed quantities. Solving
this system and with the aid of equation (7), we finally
obtain the modified Korteweg de Vries (MKdV) equation

@f1

@t
þ 4b1A

3

@f3=2
1

@x
þ A

@3f1

@x3
¼ 0; ð9Þ

where

A ¼ 2 lZ2
1 þ

ac

ab

~l Z2
2

� �� ��1

:

Using h = x � nt and the boundary conditions

f1 hð Þ ! 0;
df1 hð Þ
dh

! 0;
d2f1 hð Þ
dh2

! 0 as jhj ! 1; ð10Þ

the stationary solution of equation (9) is given by

f1 ¼ f1m Sech4 x� ntð Þ=w1½ �; ð11Þ

where the amplitude f1m and the width w1 are given by
(15n/16b1A)

2 and 4
ffiffiffiffiffiffiffiffi
A=n

p
, respectively. Here n is an

arbitrary parameter similar to a Mach number which allows
the possibility of solitons moving with velocity to differ
from the phase velocity of the wave [Tagare et al., 2004].
Equation (11) reveals the existence of small but finite
amplitude EASWs with a positive potential only, i.e., a
hump in the hot electron number density. This corresponds
to the rarefaction of the cold electron density, i.e., the cold
electron density holes since nc1 = �acZ1f1. As n increases,
the amplitude increases but the width decreases. The choice
of ESW parameters observed in the PSBL leads to lDh ’
607.277 m. Thus using the formula E = fm(KBTh/elDh) ’
fm(1000/607.27) V/m, the solution (11) can be transformed
into the energy form. Figure 2a shows the variation of the
admitted compressive energy soliton whatever l lower or
higher than uo to compare easily with the numerical study of
Omura et al. [1994, 1996] who considered l is slower than
uo. For a fixed l the amplitude E decreases as uo increases,
but its width increases, and vice versa, for a fixed uo and
changes occurred in l (not shown). In addition, as ab or sb
increases, the amplitude E decreases though the width
increases. The effect of increasing jbj is verified as Mamun
and Shukla [2002] did but is not shown. It has the same
effect as ab.

4. Critical Case

[13] The propagation of compressive solitons solution
(11) depends on the sign of the nonlinear coefficient of
the MKdV equation. The necessary condition for the soliton
existence is for the dispersion coefficient of the MKdV
equation to be positive, otherwise no soliton will exist.
When the nonlinear coefficient equals to zero, equation (9)

Figure 2. The variation of E and its width with h; (a) ab = 15, sb = 0.02, uo = 1.72 (solid), 1.73
(dashed),1.75 (dotted), 1.76 (thick solid) with l = 1.74; and (b) ab = 10, sb = 0.02 (label 1), ab = 15, sb =
0.018 (label 2), ab = 15, sb = 0.02 (label 3), ab = 15, sb = 0.022 (label 4), ab = 20, sb = 0.02 (label 5)
with l = 1.72, uo = 1.74, where b = �0.75, n = 0.1, ac = 5, sc = 0.002. The curves are labeled from
bottom to top with 1, 2, . . ., 5, respectively.
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fails to describe the system. This circumstance can be done
if b1 = 0, i.e. all particles obey the isothermal population. In
this case, one has to seek another equation suitable for
describing the evolution of the system. Using the stretching
coordinates [Washimi and Tanuiti, 1966] x = e1/2(x � lt),
and t = e3/2t, and following the same procedure used before,
we obtain the same relations as equation (7) for the lowest
order of e, and for e3/2, we get the second-order perturbed
quantities as

nc2 ¼ �acZ1f2; uc2 ¼ �lacZ1 f2; nb2 ¼ �acZ2f2;

ub2 ¼ �~lacZ2f2;f2 ¼ 4b1f
3=2
1 = 3 1� Z1 � ac=abð ÞZ2½ �f g: ð12Þ

If we consider the next-order O(e2), we obtain a system of
equations that yields, with the aid of equations (7) and (12),

@f1

@t
þ 2b1A

@f1=2
1 f2

@x
þ A

@3f1

@x3
þ B

@f2
1

@x
¼ 0; ð13Þ

where

B ¼ �A=2ð Þ 1þ 3ac Z3
1 acsc þ l2
� �

þ ac

ab

Z3
2 absb þ ~l2
� �� �� �

:

The solution of this equation with b1 = 0, using the
boundary conditions (10), is given by

f1 ¼ f2m Sech2 x� ntð Þ=w2½ �; ð14Þ

where the amplitude f2m and the width w2 are given here by
3n/2B and 2

ffiffiffiffiffiffiffiffi
A=n

p
= 0.5 w1, respectively. Since n > 0,

equation (14) admits mathematically the existence of either
compressive or rarefactive soliton waves depending on the
sign of B. However, as shown in Figure 3, the rarefactive
soliton will appear only for a very low electron beam
density or for a three-component plasma, i.e., without
electron beam. On the other hand, if the amplitude becomes
negative (rarefactive) for other values of system parameters,
the width of the soliton will be imaginary and the soliton
solution is forbidden.
[14] Comparing the KdV and MKdV solutions, it is clear

that the width of the KdV soliton equals to half of the
MKdV soliton’s width, i.e., the width will be narrower if the
particles have an isothermal population. Though, the energy
amplitude E for the isothermal case is larger than the vortex-
like electron case. The effect of uo, l, and sb variation on
both E and its width has the same feature that occurred in
the MKdV case. Moreover, the parameter ab plays the
dominant role for rarefactive soliton appearance. For ab >

Figure 3. The variation of E and its width with h; (a) the parameters are chosen as in Figure 2a; (b) ab =
15, sb = 0.022 (solid), 0.02 (dashed), 0.018 (dotted), and in (c) ab = 30 (solid), ab = 50 (dashed), ab =
200 (dotted), no beam (thick solid) where uo = 1.74, l = 1.72 and the remainder parameter as in Figure 2.
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100, the solution becomes a rarefactive one, otherwise, it
has a compressive character. This result agrees with what
was stated previously [Omura et al., 1994, 1999;Matsumoto
et al., 1999] as the condition for ESW formation in the
PSBL, namely that the beam must have a minor density
ratio with respect to the total electron density. For com-
pressive (rarefactive) soliton, as ab increases, E increases
(decreases) and its width decreases (increases).
[15] On the other hand, when b1 ! 0, equation (13)

would reduce to

@f1

@t
þ 2b1Cf

1=2
1

@f1

@x
þ A

@3f1

@x3
þ B

@f2
1

@x
¼ 0; ð15Þ

where we have used Af2 ! 2Cf1/3 [El-Labany and
El-Taibany, 2003]. If C is of O(1), then 1/4 scaling prevails
accounting for a balance of the increased nonlinearity and
dispersion. On the other hand, if C is O(e1/2), the nonlinearity
is weakened and becomes comparable to the ordinary
hydrodynamic nonlinearity represented by the nonlinear
term and the 1/2 scaling is appropriate. So, the scaling
reflects the strength of the nonlinearity which is accounting
for different solitary wave solutions [Schamel, 1972].
Equation (15) has a DL solution of the form

f1 ¼ fm 1� Tanh x� ntð Þ=w½ �f g2; ð16Þ

with

fm ¼ 2b1C

5B

� �2

;

n ¼ �1

6B

8b1C

5

� �2

;

and

w ¼ 5
ffiffiffiffiffiffiffiffiffiffiffiffi
�6BA

p

2Cb1
: ð17Þ

It is clear that only the compressive EA DLs are admitted
for the present system. As known from the DLs properties,
they constitute a second type of nonlinear coherent
structures in a plasma. The associated electric field is
able to speed up/slow down particles in narrow spatial
regions to many kilovolts. It was considered as one of the
major acceleration mechanisms occurring in nature
[Schamel, 1982]. A DL is defined as a monotonic
transition of the electric potential connecting smoothly
two differently biased plasmas [Schamel, 1986]. The
transition from a high energy level to a lower one, as
the wave propagates (h increases), is investigated in
Figure 4. It shows that for uo greater than l, by increasing
uo, the amplitude of the compressive DL decreases
roughly, but its width increases. On the other hand, for
uo < l the amplitude increases but its width decreases (not
shown). As ab, sb or jbj increases, E increases even
though its width decreases.

5. Sagdeev Potential

[16] To investigate the properties of arbitrary amplitude
EASWs. We assume that all variables in equations (1)–(4)
depend only on a single variable z = x � Mt, where z is
normalized by lDh and M is the Mach number. In this
stationary frame, equations (1) and (2) can be integrated to
give

nb ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2ac f
.

M � uoð Þ2 � 3acsb
h in or

and

nc ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2ac f= M2 � 3acscð Þ½ �
p ; ð18Þ

where we have imposed the appropriate boundary condi-
tions for localized disturbances, namely, f ! 0, nb ! 1,
nc ! 1, uc ! 0, ub ! uo as z ! ±1.

Figure 4. The variation of E and its width with h; (a) ab = 15, sb = 0.02, l = 1.74, uo = 1.78
(solid), 1.77 (dashed), 1.76 (thick curve); (b) ab = 15, sb = 0.022 (solid) and 0.02 (dashed) with b =
�0.75 and sb = 0.02, b = �0.85(dotted), b = �0.65 (lower curve), ab = 20, b = �0.75 (thick solid)
where uo = 1.75 and l = 1.72 and the remainder parameter as in Figure 2.
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[17] Substituting for the normalized number densities
of hot, cold electrons, and electron beam into Poisson
equation (4) and integrating once, imposing the bound-
ary conditions for localized solutions; equation (10), we
get

1

2

df
dz

� �2

þ V fð Þ ¼ 0 ð19Þ

V fð Þ ¼ 1

acab

M � uoð Þ2� 3acsb
h i

� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f

.
M � uoð Þ2� 3ac sb

h in or� �
þ 1

þ 1

a2
c

M2 � 3acsc
� �

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f= M2 � 3acscð Þ½ �

pn o

þ f
1

ac

þ 1

ab

þ 1

� �
� exp fð Þ 1� erf

ffiffiffi
f

p� �h io

� 2ffiffiffiffiffiffiffiffi
p b3

p exp bfð Þ
Z ffiffiffiffiffiffiffi

�bf
p

0

exp y2
� �

dyþ 2

ffiffiffi
f
p

r
1

b
� 1

� �
:

ð20Þ

[18] In order to have solitary wave solutions, the quasi-
potential must satisfy the following conditions, (1) V(f)! 0,
dV fð Þ
df ! 0 and

d2V fð Þ
df2 < 0 at f = 0; i.e., the fixed point at the

origin is unstable; (2) there exists a nonzero fm, the
maximum (or minimum) value of f, at which V(fm) � 0;
and (3) V(f) < 0 when f lies between 0 and fm. From
equation (20), condition 1 leads to an equation similar to (8)
that fixes the lower limit of M, which is equivalent to the
value of l obtained in section 3. The upper limit of M for
which solitary waves exist can be found from the condition
V(fmin) = 0, where fmin is the minimum value of f for
which ncand nb are real, i.e., f < [(3acsb � (M � uo)

2)]/2ac

and f < (3acsc � M2)/2ac.
[19] Figure 5 shows the variation of the Sagdeev

potential corresponding to system parameters changes.
One can easily observe the variation of both fmax and
Vmin (minimum value of the Sagdeev potential), where
fmax is the value of f, at which V(f) intersects the f-axis.
Now, using the formula of the predicted energy E, lDh
and D = fmax/

ffiffiffiffiffiffiffiffiffiffiffi
jVminj

p
, [Bujarbarua and Schamel, 1981],

where D is the width of the EASWs, one can easily calculate
exactly the amplitude, the velocity, and the width of any
arbitrary amplitude EASWs. The critical upper limit of Mach
number Mcr for which positive plasma potential solitary

Figure 5. The variation of the Sagdeev Potential with f, (a) ab = 15, sb = 0.02, M = 2.5, b = �0.75,
uo = 1.7 (solid), 1.75(dashed), 1.8 (dotted); (b) ab = 15, sb = 0.02, uo = 1.85, b = �0.75, M = 2.5
(solid), 2.6 (dashed), 2.7 (dotted); (c) sb = 0.02, uo = 1.75, b = �0.75, M = 2.5, ab = 15 (solid), 20
(dashed), no beam (dotted); and (d) ab = 15, uo = 1.85, b = �0.75, M = 2.5, sb = 0.01 (solid), 0.015
(dashed), 0.02 (dotted) with ac = 5 and sc = 0.002.
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waves exist can be found from the condition V(fmax) = 0, i.e.,
fmax and Mcr should be determined from the coupled
transcendental relations

1

acab

M � uoð Þ2� 3acsb
h i

� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f

.
M � uoð Þ2� 3ac sb

h in or� �
þ 1

þ 1

a2
c

M2 � 3acsc
� �

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f= M2 � 3acscð Þ½ �

pn o

þ f
1

ac

þ 1

ab

þ 1

� �
� exp fð Þ 1� erf

ffiffiffi
f

p� �h io

� 2ffiffiffiffiffiffiffiffi
p b3

p exp bfð Þ
Z ffiffiffiffiffiffiffi

�bf
p

0

exp y2
� �

dyþ 2

ffiffiffi
f
p

r
1

b
� 1

� �
¼ 0

ð21Þ

and

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f

.
M � uoð Þ2� 3acsb

h ir þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ac f= M2 � 3acscð Þ

p

þ I fð Þ þ 2ffiffiffiffiffiffiffiffi
pjbj

p WD

ffiffiffiffiffiffiffiffiffi
�bf

p� �
� 1

ac

þ 1

ab

þ 1

� �
¼ 0 ð22Þ

[20] Figure 6 shows the dependence of the maximum
Mach number, Mmax, on uo and sb variations. Mmax

increases as uo or sb increases, i.e., the beam parameter
increase will widen the admitted velocity regime of the
present system.
[21] Since the expression for V(f) derived in equation

(20) is exact, one can expand it up to any desired power of f
and then can obtain all different types of solitary waves
(solitons, DL, collapsive, and spiky solitons) obtained by
the perturbation theory in the previous two sections. Using
the tanh method [Das et al., 1998], if we expand the
expression for quasi-potential around f = 0, for O(f7/2),
we can get

V fð Þ ¼f2

2
M � 3acscð Þ�1þ ac=abð Þ M � uoð Þ2� 3acsb

h i�1

� 1

� �

þ 8

15
b1f5=2 � f3

6

 
1þ 3

(
ac

M2 � 3acscð Þ2

þ a2
c

ab M � uoð Þ2� 3acsb
h i2

)!
þ 16b2f7=2

105
:

In this case, equation (19) becomes

df
dz

� �2

¼ a1f2 � a2f5=2 � a3f3 � a4f7=2; ð23Þ

where a1 = �{(M � 3acsc)
�1 + (ac/ab)[(M � uo)

2 �
3acsb]�1 � 1}, a2 = 16b1

15
, a3 = 1

3
+ { ac

M2�3acscð Þ2
+

a2
c

ab M�uoð Þ2�3acsb½ �2
} and a4 = 32b2

105
. If a2 = a3 = 0, we

have the soliton solution

f ¼ f3mSech
4=3 z=w3½ �;

where the amplitude f3m and the width w3 are given by

(a1/a4)
2/3and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16=9a1

p
, respectively. On the other hand,

we can reform equation (23), using f = q2, as

dq
dz

� �2

¼ aq2 F � qð Þ3; ð24Þ

where F = �a3/3a4, a = a4/4 and a3
2 = 3a2a4. Equation (24)

can be solved for the soliton profile and the solution can be
obtained as an implicit function of z in the following form

f zð Þ ¼ F2 1� Tanh2
F

F �
ffiffiffiffiffiffiffiffiffi
f zð Þ

p
" #1=2

�
ffiffiffiffiffiffiffiffi
aF3

p z
2

8<
:

9=
;

0
@

1
A

2

:

ð25Þ

This solution gives a profile of spiky solitary waves defined
in the region 0 < f (z) <

ffiffiffiffi
F

p
and is affected by a1and a3

which are functionally dependent on the electron beam and
the fluids temperatures, as well as by trapped electrons
through a2 and a4. On the other hand, for the region
defined by f < 0, the soliton solution can be obtained in a
similar manner and it has an explosive solitary wave
profile in the plasma acoustic dynamics. Following the
same procedure and taking higher nonlinear terms, a more
complicated implicit function that contains the same
features as equation (25) can be obtained [Das et al.,
1998; El-Labany and El-Taibany, 2003]. Now, we can
describe EASWs, DLs, and other solitary structures and
can fully describe any ESWs observed in the PSBL
recorded by Geotail or the BEN emissions observed in the
dayside auroral region.

6. Conclusion

[22] The nonlinear propagation of EAWs in a plasma
composed of a cold electron fluid, hot electrons obeying a
trapped/vortex-like distribution, warm electron beam, and
stationary ions is investigated. The properties of small as
well as arbitrary amplitude EASWs are studied by employ-
ing the reductive perturbation and the quasipotential tech-
niques. The combined effects of the warm electron beam,

Figure 6. The variation of Mmax with uo for different sb
where ac = 5, ab = 15, sc = 0.002, and b = �0.75.
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the fluid temperatures, and the vortex-like electron distri-
bution modifies significantly the wave velocity, the ampli-
tude, and the width of the EAWs. The linear dispersion
relation reveals that as uo increases, the topology of its roots
is changed, which agrees with the work of Berthomier et al.
[2000] and Singh and Lakhina [2001]. From the nonlinear
point of view, a modified Korteweg de Vries (MKdV)
equation (9), adequate for describing the system up to the
first-order perturbed electrostatic potential, is derived. It
admits only compressive solitons which represent a hump
(hole) in the hot (cold) electron density. As the nonisother-
mal population decreases, i.e., most of the electrons have an
isothermal distribution, the system is governed by an
evolution equation with mixed nonlinearity, equation (13).
Depending on the system parameter choice, equation (13)
leads to compressive DL, (16), or soliton solution, (14),
with the possibility of both kinds. The beam density ratio
parameter plays the dominant role for rarefactive soliton
appearance.
[23] Employing the quasipotential technique, all the

previous results derived by the reductive perturbation
technique plus other solitary wave solutions, like spiky
and explosive soliton solutions, are obtained by a proper
choice of the electrostatic potential when deriving the
Sagdeev potential of the system.
[24] The variation of the energy amplitude, width, and

the wave velocity of different cases are numerically inves-
tigated. To get some realistic appreciation of the present
theoretical model, it is applied to the geophysical observa-
tion registered by Geotail spacecraft in the PSBL region. It
was predicted that the observed energy range is 10 mV/m to
500 mV/m [Omura et al., 1994, 1996, 1999; Matsumoto et
al., 1994]. So, it is evident through the numerical investi-
gation that this model has a good agreement with the
observed BENs in this region with different situations.
Moreover, it can be considered as a generalization of the
simple model presented by Mamun and Shukla [2002] when
describing BENs observed in the dayside auroral region of
the Earth’s magnetosphere [Dubouloz et al., 1991].

[25] Acknowledgment. Shadia Rifai Habbal thanks Takayuki Umeda
and another referee for their assistance in evaluating this paper.
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